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Geometry and moduli of polarised varieties
Caucher Birkar
Abstract. In this paper we investigate the geometry of projective varieties po-
larised by ample and more generally nef and big Weil divisors. First we study
birational boundedness of linear systems. We show that if X is a projective variety
of dimension d with ǫ-lc singularities for ǫ > 0, and if N is a nef and big Weil
divisor on X such that N −KX is pseudo-effective, then the linear system |mN |
defines a birational map for some natural numberm depending only on d, ǫ. This is
key to proving various other results. For example, it implies that if N is a big Weil
divisor (not necessarily nef) on a klt Calabi-Yau variety of dimension d, then the
linear system |mN | defines a birational map for some natural numberm depending
only on d. It also gives new proofs of some known results, for example, if X is an
ǫ-lc Fano variety of dimension d then taking N = −KX we recover birationality of
| −mKX | for bounded m.
We prove similar birational boundedness results for nef and big Weil divisors
N on projective klt varieties X when both KX and N −KX are pseudo-effective
(here X is not assumed ǫ-lc).
Using the above we show boundedness of polarised varieties under some natural
conditions. We extend these to boundedness of semi-log canonical Calabi-Yau pairs
polarised by effective ample Weil divisors not containing lc centres. Combining this
with the moduli theory of stable pairs we show that polarised Calabi-Yau pairs and
polarised Fano pairs admit projective coarse moduli spaces.
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1. Introduction
We work over an algebraically closed field k of characteristic zero unless stated
otherwise. By integral divisor we will mean a Weil divisor with integer coefficients
which is not necessarily Cartier.
Assume that X is a normal projective variety and N is an integral divisor on X.
For each natural number m we have the linear system |mN |. In algebraic geometry
it is often a central theme to understand such linear systems and their associated
maps φ|mN | : X 99K P
h−1 defined by a basis of H0(mN) where h = h0(mN). When
N is ample (or just nef and big) a main problem is to estimate those m for which the
linear system |mN | defines a birational map, ideally for m bounded in terms of some
basic invariants of X. Already in dimension one m depends not only on the genus of
X but also on the degree of N . We need to impose some conditions to get reasonable
results and in practice this means we should somehow get the canonical divisor of X
involved.
Indeed there has been extensive studies in the literature when N = KX or N =
−KX is ample. If X has log canonical (lc) singularities and N = KX is ample, then
|mN | defines a birational map for some m depending on dimX [23]. On the other
hand, when X has ǫ-log canonical (ǫ-lc) singularities with ǫ > 0 and N = −KX is
ample, then |mN | defines a birational map for some m depending on dimX, ǫ [9,
theorem 1.2]; here the ǫ-lc condition cannot be removed.
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In this paper we study the linear systems |mN | in a rather general context when
N is nef and big (we will also consider the non-nef and non-big cases in some places).
As before we would like to see when there is an m depending only on dimension of
X and some other data so that |mN | defines a birational map. It turns out that
if X has ǫ-lc singularities and if N − KX is pseudo-effective, then |mN | defines a
birational map for some m depending only on dimX, ǫ (see Theorem 1.1). The result
in particular can be applied to varieties with terminal and canonical singularities.
On the other hand, we show that if X has klt singularities and if both KX and N−
KX are pseudo-effective, then |mN | defines a birational map for some m depending
only on dimX (see Theorem 1.3). A corollary of both these results is that when
X is klt Calabi-Yau, i.e. KX ≡ 0, then |mN | defines a birational map for some m
depending only on dimX; in this case we do not even need to assume N to be nef
but only big (see Corollary 1.4).
Applying the results of the previous paragraph we prove boundedness of varieties
under certain conditions. Let d be a natural number and ǫ, v be positive rational
numbers. If X is a projective variety of dimension d with ǫ-lc singularities, KX is
nef, and N is a nef and big integral divisor with volume vol(KX + N) ≤ v, then X
belongs to a bounded family (see Theorem 1.5). In particular, if X is a klt Calabi-Yau
variety of dimension d and N is a nef and big integral divisor with vol(N) ≤ v, then
X belongs to a bounded family (see Corollary 1.6).
In the Calabi-Yau case we can further prove boundedness in the semi-log canonical
(slc) case. Slc spaces are higher dimensional analogues of nodal curves which may
not be normal nor irreducible. If X is an slc Calabi-Yau of dimension d and N ≥ 0 is
an ample integral divisor such that (X,uN) is slc for some u > 0 and if vol(N) = v,
then X belongs to a bounded family (see Corollary 1.8). Such X are called polarised
Calabi-Yau. Similar boundedness holds for slc Calabi-Yau pairs (X,B) which can
then be used to deduce boundedness of polarised slc Fanos.
The boundedness results just mentioned provide an important ingredient for con-
structing moduli spaces. In general, Calabi-Yau varieties do not carry any “canonical”
polarisation. To form moduli spaces one needs to take ample divisors with certain
properties, eg fixed volume and bounded Cartier index. However, to get a compact
moduli space one needs to consider limits of such polarised varieties and this causes
problems. One issue is that the limiting space may not be irreducible any more, that
is, one has to consider slc spaces. Another problem is that we need these limiting
spaces to be bounded in order to get a finite dimensional moduli space. The bound-
edness mentioned in the last paragraph is exactly what we need. Thus using the
moduli theory of stable pairs we can construct projective coarse moduli spaces for
polarised Calabi-Yau pairs with slc singularities (see Theorem 1.10). Similarly we
can prove existence of projective coarse moduli spaces for polarised Fano pairs with
slc singularities (see Theorem 1.12).
In the rest of this introduction we will state the results mentioned above in more
general forms. We actually prove even more general versions of many of them later
in the paper.
Birational boundedness for nef and big integral divisors. The first main result of
this paper is the following.
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Theorem 1.1. Let d be a natural number and ǫ be a positive real number. Then there
exists a natural number m depending only on d, ǫ satisfying the following. Assume
that
• X is a projective ǫ-lc variety of dimension d,
• N is a nef and big integral divisor on X, and
• N −KX is pseudo-effective.
Then |m′N +L| and |KX +m
′N +L| define birational maps for any natural number
m′ ≥ m and any integral pseudo-effective divisor L.
We actually prove a more general statement in which we replace the assumption of
N being integral with assuming N = E +R where E is integral and pseudo-effective
and R ≥ 0 is an R-divisor whose non-zero coefficients are ≥ δ for some fixed δ > 0
(see Theorem 4.2). Similarly we will prove more general forms of many of the results
below.
Note that if −KX is pseudo-effective, then N − KX is automatically pseudo-
effective. This is in particular useful on Calabi-Yau pairs as we will see later. Also
note that instead of X being ǫ-lc we can assume (X,B) is ǫ-lc for some boundary B
because we can apply the theorem on a Q-factorialisation of X.
The theorem in particular applies well to the following three cases:
(1) when KX is nef and big and N = KX ,
(2) when −KX is nef and big and N = −KX , and
(3) when KX ≡ 0 and N is nef and big.
Cases (1) and (2) are well-known by Hacon-McKernan-Xu [23] (see also [21][45][46])
and Birkar [9], respectively; however, we reprove these results as we only rely on some
of the ideas and constructions of [23] and [9]. In case (1) our proof is essentially the
same as the proof in [23]. But in case (2) we get a new proof which is in some sense
quite different from the proof in [9] despite similarities of the two proofs because here
we do not use boundedness of complements in dimension d (see 4.9 for more details).
Case (3) is new which we will state below more precisely in 1.4.
Corollary 1.2. Let d be a natural number and ǫ be a positive real number. Then there
exist natural numbers m, l depending only on d, ǫ satisfying the following. Assume
that
• X is a projective ǫ-lc variety of dimension d, and
• N is a nef and big integral divisor on X.
Then |m′KX + l
′N + L| defines a birational map for any natural numbers m′ ≥ m
and l′ ≥ lm′ and any pseudo-effective integral divisor L.
In the above results we cannot drop the ǫ-lc assumption, see Example 8.2. However,
we can replace it with some other conditions as in the next result.
Theorem 1.3. Let d be a natural number and Φ ⊂ [0, 1] be a DCC set of rational
numbers. Then there is a natural number m depending only on d,Φ satisfying the
following. Assume
• (X,B) is a klt projective pair of dimension d,
• the coefficients of B are in Φ,
• N is a nef and big integral divisor, and
• N − (KX +B) and KX +B are pseudo-effective.
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Then |m′N +L| and |KX +m
′N +L| define birational maps for any natural number
m′ ≥ m and any integral pseudo-effective divisor L.
The theorem does not hold if we replace the klt property of (X,B) with lc. Indeed
any klt Fano variety X of dimension d admits an lc n-complement KX +B for some
n depending only on d [9] (so n(KX + B) ∼ 0) but taking N = −KX there is no
bounded m so that |mN | defines a birational map as Example 8.2 shows.
Birational boundedness for big integral divisors on Calabi-Yau pairs. A conse-
quence of both 1.1 and 1.3 is a birational boundedness statement regarding Calabi-
Yau pairs. A Calabi-Yau pair (X,B) is a pair with KX +B ∼Q 0; we do not assume
vanishing of hi(OX) for 0 < i < d as is customary in some other contexts.
Corollary 1.4. Let d be a natural number and Φ ⊂ [0, 1] be a DCC set of rational
numbers. Then there is a natural number m depending only on d,Φ satisfying the
following. Assume
• (X,B) is a klt Calabi-Yau pair of dimension d,
• the coefficients of B are in Φ, and
• N is a big integral divisor on X.
Then |m′N + L| and |KX +m
′N + L| define birational maps for any natural num-
ber m′ ≥ m and any integral pseudo-effective divisor L. In particular, the volume
vol(N) ≥ 1
md
.
A yet special case of this is when B = 0, say when Φ = {0}, in which case m
depends only on d.
Note that the corollary only assumes klt singularities rather than ǫ-lc. In fact, we
will see that such X automatically have ǫ-lc singularities for some ǫ > 0 depending
only on d (this follows from [23]), so we can apply Theorem 1.1 immediately after
taking a minimal model of N . Alternatively, we can simply apply Theorem 1.3.
The corollary was proved by Jiang [26] in dimension 3 when X is a Calabi-Yau
with terminal singularities. His proof is entirely different as it relies on the Riemann-
Roch theorem for 3-folds with terminal singularities. More special cases for 3-folds
were obtained earlier by Fukuda [18] and Oguiso-Peternell [42]. The smooth surface
case goes back to Reider [43]. Also see [27] for recent relevant results on irreducible
symplectic varieties.
Boundedness of polarised ǫ-log canonical nef pairs. Given a projective variety
X (or more generally pair) polarised by a nef and big integral divisor N , we would
like to find conditions which guarantee that X belongs to a bounded family. This is
often achieved by controlling positivity and singularities. For example, if X is ǫ-lc
and N = −KX is nef and big, then X is bounded [8]. On the other hand, if X is ǫ-lc
and N = KX is ample with volume bounded from above, then X is bounded (this
follows from the results of [23]). The next result deals with the case when KX (and
more generally KX +B) is nef.
Theorem 1.5. Let d be a natural number and ǫ, δ, v be positive real numbers. Con-
sider pairs (X,B) and divisors N on X such that
• (X,B) is projective ǫ-lc of dimension d,
• the coefficients of B are in {0} ∪ [δ,∞),
• KX +B is nef,
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• N is nef and big and integral, and
• vol(KX +B +N) ≤ v.
Then the set of such (X,SuppB) forms a bounded family. If in addition N ≥ 0, then
the set of such (X,Supp(B +N)) forms a bounded family.
A consequence of this is the following.
Corollary 1.6. Let d be a natural number, v be a positive real number, and Φ ⊂ [0, 1]
be a DCC set of rational numbers. Consider pairs (X,B) and divisors N on X
satisfying the following:
• (X,B) is a projective klt Calabi-Yau pair of dimension d,
• the coefficients of B are in Φ, and
• N is nef and big and integral, and
• vol(N) ≤ v.
Then the set of such (X,SuppB) forms a bounded family. If in addition N ≥ 0, then
the set of such (X,Supp(B +N)) forms a bounded family.
The point is that (X,B) is automatically ǫ-lc for some ǫ > 0 depending only on
d,Φ, so we can apply Theorem 1.5. Note that if we relax the nef and big property of
N to only big, then X is birationally bounded as we can apply the corollary to the
minimal model of N .
Boundedness of polarised semi-log canonical Calabi-Yau pairs. The above bound-
edness statements are not enough for construction of moduli spaces. The problem is
that limits of families of ǫ-lc varieties are not necessarily ǫ-lc. In fact the limit may
not even be irreducible. We want to addresses this problem by showing bounded-
ness of appropriate classes of Calabi-Yau pairs. An slc Calabi-Yau pair is an slc pair
(X,B) such that KX + B ∼R 0. The desired boundedness is a consequence of the
next result on lc thresholds.
Theorem 1.7. Let d be a natural number, v be a positive real number, and Φ ⊂ [0, 1]
be a DCC set of real numbers. Then there is a positive real number t depending only
on d, v,Φ satisfying the following. Assume that
• (X,B) is a projective slc Calabi-Yau pair of dimension d,
• the coefficients of B are in Φ,
• N ≥ 0 is a nef integral divisor on X,
• (X,B + uN) is slc for some real number u > 0, and
• for each irreducible component S of X, N |S is big with vol(N |S) ≤ v.
Then (X,B + tN) is slc.
The key point is that t does not depend on u.
A polarised slc Calabi-Yau pair consists of a connected projective slc Calabi-Yau
pair (X,B) and an ample integral divisor N ≥ 0 such that (X,B + uN) is slc for
some real number u > 0. We refer to such a pair by saying (X,B), N is a polarised
slc Calabi-Yau pair.
Corollary 1.8. Let d be a natural number, v be a positive real number, and Φ ⊂ [0, 1]
be a DCC set of rational numbers. Consider (X,B) and N such that
• (X,B), N is a polarised slc Calabi-Yau pair of dimension d,
• the coefficients of B are in Φ, and
• vol(N) = v.
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Then the set of such (X,Supp(B +N)) forms a bounded family.
This is a consequence of Theorem 1.7 and the main result of Hacon-McKernan-
Xu [22] as we can pick a rational number t > 0 depending only on d, v,Φ so that
(X,B + tN) is a stable pair with
vol(KX +B + tN) = t
dv
(see below for discussion on stable pairs).
Moduli of polarised Calabi-Yau pairs. Combining the above boundedness results
(1.7, 1.8) with the moduli theory of stable pairs shows that there exists a projective
coarse moduli space for Calabi-Yau pairs polarised by effective ample divisors, fixing
appropriate invariants. The moduli theory of stable pairs has a long history, see for
example [14][36][3][2][1][31](also [47]). We will follow Kolla´r [31] for the necessary
definitions and existence results, see Section 7 for more details.
Recall that a stable pair is a connected projective slc pair (X,∆) with KX + ∆
ample. It takes more work to define stable families (X,∆) → S (see 7.1 for details)
where for simplicity we only consider reduced base schemes S.
Now we define families of polarised Calabi-Yau pairs and their moduli functor
following [1][20][40][5][16][37]. Fix a natural number d and positive rational num-
bers c, v. A (d, c, v)-polarised slc Calabi-Yau pair is a polarised slc Calabi-Yau pair
(X,B), N as defined above such that dimX = d, B = cD for some integral divisor
D, and vol(N) = v. More generally we define polarised Calabi-Yau families.
Definition 1.9. Let S be a reduced scheme over k. A (d, c, v)-polarised Calabi-Yau
family over S consists of a projective morphism f : X → S of schemes, and a Q-
divisor B and an integral divisor N on X such that
• (X,B + uN) → S is a stable family for some rational number u > 0 with
fibres of pure dimension d,
• B = cD where D ≥ 0 is a relative Mumford divisor,
• N ≥ 0 is a relative Mumford divisor,
• KX/S +B ∼Q 0/S, and
• for any fibre Xs of f , vol(N |Xs) = v.
For definition of relative Mumford divisors, see 7.1 (2). From the above definition
we see that D,N are integral divisors and N is Q-Cartier and ample over S. Note
that u is not fixed and a priori depends on the family.
Now define the moduli functor PCYd,c,v of (d, c, v)-polarised Calabi-Yau pairs on
the category of reduced k-schemes by setting
PCYd,c,v(S) = {(d, c, v)-polarised Calabi-Yau families over S,
up to isomorphism over S}.
Recently Kolla´r-Xu [37] argued, by a limiting process inside the moduli space of
stable pairs, that there is a moduli space for PCYd,c,v (not necessarily of finite type)
and that its irreducible components are projective [37, Theorem 2].
Theorem 1.10. The functor PCYd,c,v of (d, c, v)-polarised Calabi-Yau pairs has a
projective coarse moduli space.
This confirms [37, Conjecture 1]. We will use a more direct approach to prove the
theorem. Instead of working on the moduli space of stable pairs we work essentially
on the level of Hilbert schemes and parametrising spaces of divisors, that is, we work
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with the pairs embedded into some fixed projective space and follow by now standard
constructions in moduli theory. We use 1.7 to find a fixed rational number t > 0 so
that if (X,B), N is any (d, c, v)-polarised Calabi-Yau pair, then (X,B + tN) is a
stable pair. In particular, by 1.8, we can embed all such pairs into projective spaces
Pn, a finite number of n. Then using moduli spaces of embedded locally stable pairs
[31][30] (which are constructed via Hilbert schemes and parameter spaces of divisors),
we show that there is a moduli space for the embedded (d, c, v)-polarised Calabi-Yau
pairs (X,B), N . Taking quotient by the action of PGLn+1(k), for all the n, we get an
algebraic space which is a coarse moduli space for PCYd,c,v. Then we point out that
this moduli space is proper as a family of (d, c, v)-polarised Calabi-Yau pairs over a
smooth curve can be extended to a family over the compactification of the curve,
after a finite base change [37]. Finally the moduli space is projective by recent work
on projectivity of moduli spaces [17][39][35].
Restricting the polarised pairs parametrised by PCYd,c,v one gets new functors and
existence of their moduli spaces in various interesting settings. Related work in the
literature include Alexeev [1] on moduli of abelian varieties and [5][4] on moduli of
polarised K3 surfaces.
Moduli of polarised Fano pairs. A particular case of polarised Calabi-Yaus pairs
is that of Fano pairs polarised by effective anti-pluri-log-canonical divisors. Fix a
natural number d and positive rational numbers c, a, v. A (d, c, a, v)-polarised slc
Fano pair consists of a connected projective slc pair (X,B) and an ample effective
integral divisor N such that (X,B + (a + u)N) is slc for some u > 0, dimX = d,
B = cD for some integral divisor D ≥ 0, KX +B + aN ∼Q 0, and vol(N) = v. Since
−(KX + B) ∼Q aN , the pair (X,B) is Fano which is polarised by N . We define
polarised Fano families.
Definition 1.11. Let S be a reduced scheme over k. A (d, c, a, v)-polarised Fano
family over S consists of a projective morphism f : X → S of schemes, and a Q-
divisor B and an integral divisor N on X such that
• (X,B + uN) → S is a stable family for some rational number u > a with
fibres of pure dimension d,
• B = cD where D ≥ 0 is a relative Mumford divisor,
• N ≥ 0 is a relative Mumford divisor,
• KX/S +B + aN ∼Q 0/S, and
• for any fibre Xs of f , vol(N |Xs) = v.
We define the moduli functor PFd,c,a,v from the category of reduced k-schemes to
the category of sets by setting
PFd,c,a,v(S) = {(d, c, a, v)-polarised Fano families over S,
up to isomorphism over S}.
Theorem 1.12. The functor PFd,c,a,v of (d, c, a, v)-polarised Fano pairs has a pro-
jective coarse moduli space.
Restricting the functor PFd,c,a,v to certain subfamilies gives moduli spaces in spe-
cial situations. For example, we can consider only those Fanos which deform to a
fixed Fano variety. Such moduli spaces were constructed by Hacking [20] for those
smoothable to P2, by Deopurkar-Han for those smoothable to P1 × P1 [15], and by
Geometry and moduli of polarised varieties 9
DeVleming [16], for those smoothable to a fixed smooth Fano variety, e.g. P3.
Plan of the paper. In section 2 we collect some preliminary definitions and re-
sults. In section 3 we study non-klt centres and adjuction on such centres in depth
establishing results that are key to the subsequent sections. In section 4 we treat
birational boundedness of linear systems on ǫ-lc varieties which will form the basis
for subsequent sections, in particular, we prove more general forms of 1.1 and 1.2
together with 1.4. In section 5 we treat birational boundedness on pseudo-effective
pairs proving a more general form of 1.3. In section 6 we establish boundedness re-
sults including more general forms of 1.5 and 1.7 together with 1.8. In section 7 we
discuss moduli and give the proofs of 1.10 and 1.12. Finally in section 8 we present
some examples, remarks, and conjectures.
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2. Preliminaries
2.1. Contractions. By a contraction we mean a projective morphism f : X → Y of
varieties such that f∗OX = OY (f is not necessarily birational). In particular, f is
surjective and has connected fibres.
2.2. Divisors. Let X be a variety, and let M be an R-divisor on X. We denote the
coefficient of a prime divisor D in M by µDM . Writing M =
∑
miMi where Mi are
the distinct irreducible components, the notation M≥a means
∑
mi≥a
miMi, that is,
we ignore the components with coefficient < a. One similarly definesM≤a,M>a, and
M<a.
Now let f : X → Z be a morphism to another variety. IfN is an R-Cartier R-divisor
on Z, we sometime denote f∗N by N |X .
For a birational mapX 99K X ′ (resp. X 99K X ′′)(resp. X 99K X ′′′)(resp. X 99K Y )
whose inverse does not contract divisors, and for an R-divisor M on X we usually
denote the pushdown of M to X ′ (resp. X ′′)(resp. X ′′′)(resp. Y ) by M ′ (resp.
M ′′)(resp. M ′′′)(resp. MY ).
Recall that an R-Cartier R-divisor M on a variety X projective over Z is said be
big if we can write M ∼R A + P/Z where A is ample/Z and P ≥ 0. When M is
Q-Cartier we can replace ∼R with ∼Q and assume A,P are Q-divisors.
Lemma 2.3. Let f : X → Z be a projective morphism between normal varieties.
Then there is a non-empty open subset U of Z such that if M is any R-Cartier R-
divisor on X which is big over Z, then M |F is big for every fibre of f over closed
points in U .
Proof. Let φ : X ′ → X be a resolution and let f ′ : X ′ → Z be the induced morphism.
Let U be a non-empty open subset of Z over which f ′ is smooth and so that no fibre
of f ′ over U is contained in the exceptional locus of φ. Now let M be an R-Cartier
R-divisor on X which is big over Z. Let F ′ be a fibre of f ′ over a closed point of U
and let G′ be the generic fibre of f ′.
We can write M ′ := φ∗M =
∑
riM
′
i where ri ∈ R and Mi are Cartier divisors.
Moving the Mi we can assume that their support do not contain F
′. Since M ′ is big
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over Z, we can decrease its coefficients slightly so that the resulting divisor, say L′,
is Q-Cartier and also big over Z. Take n ∈ N so that nL′ is Cartier. Then for any
m ∈ N we have
h0(mnL′|F ′) ≥ h
0(mnL′|G′)
by the upper-semi-continuity of cohomology, where the second h0 is dimension over
the function field of Z.
Since L′ is big over Z, h0(mnL′|G′) grows like m
dimG′ , hence h0(mnL′|F ′) grows
like mdimF
′
which implies that L′|F ′ is big. Since the support of M
′ − L′ ≥ 0 does
not contain F ′, we see that M ′|F ′ is big. This in turn implies that M |F is also big
where F is the fibre of f corresponding to F ′.

Lemma 2.4. Let X be a normal variety and M be an R-Cartier R-divisor on X.
Then there is a Q-Cartier Q-divisor A such that SuppA = SuppM and M −A has
arbitrarily small coefficients.
Proof. Since M is R-Cartier, we can write M =
∑l
1 riMi where ri are real numbers
and Mi are Cartier divisors. Assume that l is minimal. Then the ri are Q-linearly
independent: if not, then say r1 =
∑l
2 αiri where αi are rational numbers, so
M =
l∑
2
ri(αiM1 +Mi),
hence we can write M =
∑l
2 r
′
iM
′
i where r
′
i are real numbers and M
′
i are Cartier
divisors, contradicting the minimality of l. Then SuppMi ⊆ SuppM for every i:
indeed otherwise there is a prime divisor D which is not a component of M but it is
a component of some Mi which gives 0 = µDM =
∑l
1 riµDMi producing a Q-linear
dependence of the ri, a contradiction. Now a small perturbation of the ri gives the
desired Q-divisor A.

Lemma 2.5. Let f : X → Z be a contraction of normal varieties and M an R-divisor
on X. Let φ : X ′ → X be a log resolution of (X,SuppM) and let M ′ be the sum of
the birational transform of M and the reduced exceptional divisor of φ. Let F be
a general fibre of f and F ′ the corresponding fibre of X ′ → Z. Then M ′|F ′ is the
birational transform of M |F plus the reduced exceptional divisor of ψ : F
′ → F .
Proof. Since F ′ is a general fibre of X ′ → Z, SuppM ′ does not contain F ′, so M ′|F ′
is well-defined as a divisor. However, M may not be R-Cartier but it can be defined
as follows. Let U be the smooth locus of X. Then the complement of F ∩ U has
codimension ≥ 2 in F , so M |F is well-defined on F ∩ U and then we let M |F be its
closure in F .
By assumption M ′ = M∼ + E where M∼ is the birational transform of M and
E is the reduced exceptional divisor of φ. The exceptional locus of ψ is E|F ′ , so
M ′|F ′ is the sum of M
∼|F ′ and the reduced exceptional divisor of ψ. On the other
hand, letting U ′ be the inverse image of U , there is an exceptional G such that
φ∗M |U = M
∼|U ′ +G|U ′ . Then M
∼|F ′∩U ′ +G|F ′∩U ′ is the pullback of M |F∩U . This
implies that the pushdown of M∼|F ′ to F is M |F . Since no component of M
∼|F ′ is
exceptional over F , M∼|F ′ is the birational transform of M |F , so the claim follows.

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2.6. Linear systems. Let X be a normal variety and let M be an R-divisor on
X. The round down ⌊M⌋ determines a reflexive sheaf OX(⌊M⌋). We usually write
H i(M) instead of H i(X,OX (⌊M⌋)) and write h
i(M) for dimkH
i(M). We can de-
scribe H0(M) in terms of rational functions on X as
H0(M) = {0 6= α ∈ K | Div(α) +M ≥ 0} ∪ {0}
where K is the function field of X and Div(α) is the divisor associated to α.
Assume h0(M) 6= 0. The linear system |M | is defined as
|M | = {N | 0 ≤ N ∼M} = {Div(α) +M | 0 6= α ∈ H0(M)}.
Note that |M | is not equal to | ⌊M⌋ | unless M is integral. The fixed part of |M | is
the R-divisor F with the property: if G ≥ 0 is an R-divisor and G ≤ N for every
N ∈ |M |, then G ≤ F . In particular, F ≥ 0. We then define the movable part of
|M | to be M − F which is defined up to linear equivalence. If 〈M〉 := M − ⌊M⌋,
then the fixed part of |M | is equal to 〈M〉 plus the fixed part of | ⌊M⌋ |. Moreover,
if 0 ≤ G ≤ F , then the fixed and movable parts of |M −G| are F −G and M − F ,
respectively.
Note that it is clear from the definition that the movable part of |M | is an integral
divisor but the fixed part is only an R-divisor.
2.7. Pairs and singularities. A sub-pair (X,B) consists of a normal quasi-projective
variety X and an R-divisor B such that KX+B is R-Cartier. If B ≥ 0, we call (X,B)
a pair and if the coefficients of B are in [0, 1] we call B a boundary.
Let φ : W → X be a log resolution of a sub-pair (X,B). Let KW + BW be the
pullback of KX +B. The log discrepancy of a prime divisor D on W with respect to
(X,B) is defined as
a(D,X,B) := 1− µDBW .
We say (X,B) is sub-lc (resp. sub-klt)(resp. sub-ǫ-lc) if a(D,X,B) is ≥ 0 (resp.
> 0)(resp. ≥ ǫ) for every D. This means that every coefficient of BW is ≤ 1 (resp.
< 1)(resp. ≤ 1 − ǫ). If (X,B) is a pair, we remove the sub and just say it is lc
(resp. klt)(resp. ǫ-lc). Note that since a(D,X,B) = 1 for most prime divisors, we
necessarily have ǫ ≤ 1.
Let (X,B) be a sub-pair. A non-klt place of (X,B) is a prime divisor D over X,
that is, on birational models of X, such that a(D,X,B) ≤ 0, and a non-klt centre is
the image of such a D on X. An lc place of (X,B) is a prime divisor D over X such
that a(D,X,B) = 0, and an lc centre is the image on X of an lc place. When (X,B)
is lc, then non-klt places and centres are the same as lc centres and places.
A log smooth sub-pair is a sub-pair (X,B) where X is smooth and SuppB has
simple normal crossing singularities. Assume (X,B) is a log smooth pair and assume
B =
∑r
1Bi is reduced where Bi are the irreducible components of B. A stratum
of (X,B) is a component of
⋂
i∈I Bi for some I ⊆ {1, . . . , r}. Since B is reduced, a
stratum is nothing but an lc centre of (X,B).
2.8. Semi-log canonical pairs. A semi-log canonical (slc) pair (X,B) over a field
K of characteristic zero (not necessarily algebraically closed) consists of a reduced
pure dimensional quasi-projective scheme X over K and an R-divisor B ≥ 0 on X
satisfying the following conditions:
• X is S2 with nodal codimension one singularities,
• no component of SuppB is contained in the singular locus of X,
• KX +B is R-Cartier, and
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• if π : Xν → X is the normalisation of X and Bν is the sum of the birational
transform of B and the conductor divisor of π, then (Xν , Bν) is lc.
By (Xν , Bν) being lc we mean after passing to the algebraic closure of K, (Xν , Bν)
is an lc pair on each of its irreducible components (we can also define being lc over K
directly using discrepancies as in 2.7). The conductor divisor of π is the sum of the
prime divisors on Xν whose images on X are contained in the singular locus of X.
It turns out that KXν +B
ν = π∗(KX +B) for a suitable choice of KXν in its linear
equivalence class: to see this note that X is Gorenstein outside a codimension ≥ 2
closed subset, so shrinking X we can assume it is Gorenstein and that Xν is regular;
in this case B is R-Cartier so we can remove it in which case the equality follows from
[32, 5.7]. See [32, Chapter 5] for more on slc pairs.
2.9. b-divisors. A b-R-Cartier b-divisor over a variety X is the choice of a projective
birational morphism Y → X from a normal variety and an R-Cartier divisor M on
Y up to the following equivalence: another projective birational morphism Y ′ → X
from a normal variety and an R-Cartier divisor M ′ defines the same b-R-Cartier b-
divisor if there is a common resolution W → Y and W → Y ′ on which the pullbacks
of M and M ′ coincide.
A b-R-Cartier b-divisor represented by some Y → X and M is b-Cartier if M is
b-Cartier, i.e. its pullback to some resolution is Cartier.
2.10. Generalised pairs. A generalised pair consists of
• a normal variety X equipped with a projective morphism X → Z,
• an R-divisor B ≥ 0 on X, and
• a b-R-Cartier b-divisor over X represented by some projective birational mor-
phism X ′
φ
→ X and R-Cartier divisor M ′ on X
such that M ′ is nef/Z and KX +B +M is R-Cartier, where M := φ∗M
′.
We refer to M ′ as the nef part of the pair. Since a b-R-Cartier b-divisor is defined
birationally, in practice we will often replace X ′ with a resolution and replace M ′
with its pullback. When Z is a point we drop it but say the pair is projective.
Now we define generalised singularities. Replacing X ′ we can assume φ is a log
resolution of (X,B). We can write
KX′ +B
′ +M ′ = φ∗(KX +B +M)
for some uniquely determined B′. For a prime divisor D on X ′ the generalised log
discrepancy a(D,X,B +M) is defined to be 1− µDB
′.
We say (X,B +M) is generalised lc (resp. generalised klt)(resp. generalised ǫ-lc)
if for each D the generalised log discrepancy a(D,X,B+M) is ≥ 0 (resp. > 0)(resp.
≥ ǫ).
For the basic theory of generalised pairs see [13, Section 4].
2.11. Minimal models, Mori fibre spaces, and MMP. Let X → Z be a pro-
jective morphism of normal varieties and D be an R-Cartier R-divisor on X. Let Y
be a normal variety projective over Z and φ : X 99K Y/Z be a birational map whose
inverse does not contract any divisor. Assume DY := φ∗D is also R-Cartier and that
there is a common resolution g : W → X and h : W → Y such that E := g∗D−h∗DY
is effective and exceptional/Y , and Supp g∗E contains all the exceptional divisors of
φ.
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Under the above assumptions we call Y a minimal model of D over Z if DY is
nef/Z. On the other hand, we call Y a Mori fibre space of D over Z if there is an
extremal contraction Y → T/Z with −DY ample/T and dimY > dimT .
If one can run a minimal model program (MMP) on D over Z which terminates
with a model Y , then Y is either a minimal model or a Mori fibre space of D over
Z. If X is a Mori dream space, eg if X is of Fano type over Z, then such an MMP
always exists by [12].
2.12. Potentially birational divisors. Let X be a normal projective variety and
let D be a big Q-Cartier Q-divisor on X. We say that D is potentially birational
[23, Definition 3.5.3] if for any pair x and y of general closed points of X, possibly
switching x and y, we can find 0 ≤ ∆ ∼Q (1 − ǫ)D for some 0 < ǫ < 1 such that
(X,∆) is not klt at y but (X,∆) is lc at x and {x} is a non-klt centre.
A useful property of potentially birational divisors is that if D is potentially bira-
tional, then |KX + ⌈D⌉| defines a birational map [24, Lemma 2.3.4].
2.13. Bounded families of pairs. We say a set Q of normal projective varieties is
birationally bounded (resp. bounded) if there exist finitely many projective morphisms
V i → T i of varieties such that for each X ∈ Q there exist an i, a closed point t ∈ T i,
and a birational isomorphism (resp. isomorphism) φ : V it 99K X where V
i
t is the fibre
of V i → T i over t.
Next we will define boundedness for couples. A couple (X,S) consists of a normal
projective variety X and a divisor S on X whose coefficients are all equal to 1, i.e. S
is a reduced divisor. We use the term couple instead of pair because KX + S is not
assumed Q-Cartier and (X,S) is not assumed to have good singularities.
We say that a set P of couples is birationally bounded if there exist finitely many
projective morphisms V i → T i of varieties and reduced divisors Ci on V i such that for
each (X,S) ∈ P there exist an i, a closed point t ∈ T i, and a birational isomorphism
φ : V it 99K X such that (V
i
t , C
i
t) is a couple and E ≤ C
i
t where V
i
t and C
i
t are the
fibres over t of the morphisms V i → T i and Ci → T i, respectively, and E is the sum
of the birational transform of S and the reduced exceptional divisor of φ. We say P
is bounded if we can choose φ to be an isomorphism.
A set R of projective pairs (X,B) is said to be log birationally bounded (resp. log
bounded) if the set of the corresponding couples (X,SuppB) is birationally bounded
(resp. bounded). Note that this does not put any condition on the coefficients of B,
eg we are not requiring the coefficients of B to be in a finite set.
2.14. Families of subvarieties. Let X be a normal projective variety. A bounded
family G of subvarieties of X is a family of (closed) subvarieties such that there are
finitely many morphisms V i → T i of projective varieties together with morphisms
V i → X such that V i → X embeds in X the fibres of V i → T i over closed points,
and each member of the family G is isomorphic to a fibre of some V i → T i over some
closed point. Note that we can replace the V i → T i so that we can assume the set
of points of T i corresponding to members of G is dense in T i. We say the family G
is a covering family of subvarieties of X if the union of its members contains some
non-empty open subset of X. In particular, this means V i → X is surjective for at
least one i. When we say G is a general member of G we mean there is i such that
V i → X is surjective, the set A of points of T i corresponding to members of G is
dense in T i, and G is the fibre of V i → T i over a general point of A (in particular,
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G is among the general fibres of V i → T i). Note that the definition of a bounded
family here is compatible with 2.13.
2.15. Creating non-klt centres. In this subsection we make some preparations on
non-klt centres.
(1) First we need the following lemma.
Lemma 2.16. Assume that
• (X,B) is a projective pair where B is a Q-divisor,
• ∆ ≥ 0 is a Q-Cartier Q-divisor and H is an ample Q-divisor,
• x, y ∈ X are closed points,
• (X,B) is klt near x and (X,B + ∆) is lc near x with a non-klt centre G
containing x but (X,B +∆) is not klt near y,
• G is minimal among the non-klt centres of (X,B +∆) containing x, and
• either y ∈ G or (X,B +∆) has a non-klt centre containing y but not x.
Then there exist rational numbers 0 ≤ t≪ s ≤ 1 and a Q-divisor 0 ≤ E ∼Q tH such
that (X,B + s∆+E) is not klt near y but it is lc near x with a unique non-klt place
whose centre contains x, and the centre of this non-klt place is G.
Proof. Pick 0 ≤M ∼Q H whose support contains G so that for any s < 1 any non-klt
centre of (X,B + s∆+M) passing through x is contained in G: this is possible by
taking a general member mM of the sublinear system of |mH| consisting of those
elements containing G, for some sufficiently large natural number m (however, M
may contain other non-klt centres not passing through x). On the other hand, pick
0 ≤ N ∼Q H such that x /∈ SuppN . If y /∈ G, then pick N so that N contains a
non-klt centre P of (X,B + ∆) with y ∈ P but x /∈ P : this is possible by the last
condition of the lemma.
Let φ : W → X be a log resolution of
(X,B +∆+M +N).
Then φ∗H ∼Q A + C where A ≥ 0 is ample and C ≥ 0. Let C
′ = φ∗C and
H ′ = φ∗(A + C). Replacing X with a higher resolution we can assume φ is a log
resolution of
(X,B +∆+M +N + C ′);
note that here we pull back A,C to the new resolution, so A may no longer be ample
but it is nef and big, hence perturbing coefficients in the exceptional components we
can make A ample again. Changing A up to Q-linear equivalence we can assume A
is general, so φ is a log resolution of
(X,B +∆+M +N +H ′).
Write
KW + Γa,b,c,d = φ
∗(KX +B + a∆+ bM + cN + dH
′).
Let T be the sum of the components of
⌊
Γ≥01,0,0,0
⌋
whose image on X is G where Γ≥0a,b,c,d
denotes the effective part of Γa,b,c,d. We can assume T 6= 0 since G is a non-klt centre
of (X,B +∆).
Pick a rational number 0 < b≪ 1 and let a be the lc threshold of ∆ with respect
to (X,B+ bM) near x. Then a is sufficiently close to 1 but not equal to 1. Moreover,⌊
Γ≥0a,b,0,0
⌋
⊆
⌊
Γ≥01,b,0,0
⌋
=
⌊
Γ≥01,0,0,0
⌋
.
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By our choice of M and by the minimality of G, the only possible non-klt centre
of (X,B + a∆ + bM) through x is G, so any component of
⌊
Γ≥0a,b,0,0
⌋
whose image
contains x, is a component of T .
Now pick a rational number 0 < d ≪ b and let λ be the lc threshold of a∆+ bM
with respect to (X,B + dH ′) near x. Then λ is sufficiently close to 1 but not equal
to 1. Moreover, ⌊
Γ≥0λa,λb,0,d
⌋
⊆
⌊
Γ≥0a,b,0,d
⌋
⊆
⌊
Γ≥0a,b,0,0
⌋
,
so any component of
⌊
Γ≥0λa,λb,0,d
⌋
whose image contains x is a component of T . Thus
G is the only non-klt centre of
(X,B + λa∆+ λbM + dH ′)
passing through x. In particular, there is a component S of
⌊
Γ≥0λa,λb,0,d
⌋
whose image
is G. Now noting that φ∗H ′ = A+ C and that
Γλa,λb,0,d = Γλa,λb,0,0 + dA+ dC,
possibly after perturbing the coefficients of C and replacing A accordingly, we can
assume that S is the only component of
⌊
Γ≥0λa,λb,0,d
⌋
whose image contains x.
Let s = λa, t = λb+ d, and E = λbM + dH ′. By construction, (X,B + s∆+ E)
is lc near x with a unique non-klt place whose centre contains x, and the centre of
this non-klt place is G. If (X,B + s∆+ E) is not klt near y, then we are done. In
particular, this is the case if y ∈ G. Thus we can assume (X,B + s∆ + E) is klt
near y and that y /∈ G. So by assumption, there is a non-klt centre P of (X,B +∆)
containing y but not x. By our choice of N , P ⊂ SuppN but x /∈ SuppN . Let c be
the lc threshold of N with respect to (X,B + s∆+ E) near y. Since s is sufficiently
close to 1, c is sufficiently small. Now replace E with E+ cN and replace t with t+ c.

(2) Let X be a normal projective variety of dimension d and D a nef and big
Q-divisor. Assume vol(D) > (2d)d. Then there is a bounded family of subvarieties
of X such that for each pair x, y ∈ X of general closed points, there is a member G
of the family and there is 0 ≤ ∆ ∼Q D such that (X,∆) is lc near x with a unique
non-klt place whose centre contains x, that centre is G, and (X,∆) is not klt at y
[23, Lemma 7.1].
If in addition we are also given a Q-divisor 0 ≤ M ∼Q D, then we can assume
SuppM ⊂ Supp∆ simply by adding a small multiple of M to ∆. Since x, y are
general, they are not contained in SuppM .
(3) Now under the setting of (2) assume that A is a nef and big Q-divisor. Let ∆
andG be chosen for a pair x, y ∈ X of general closed points and assume dimG > 0 and
vol(A|G) > d
d. We claim that, possibly after switching x, y, there exist a Q-divisor
0 ≤ ∆(1) ∼Q D + 2A
and a proper subvariety G(1) ( G such that (X,∆(1)) is lc near x with a unique
non-klt place whose centre contains x, that centre is G(1), and (X,∆(1)) is not klt at
y (compare with [24, Theorem 2.3.5]).
Proof of the claim: First note that since we are concerned with general points
of X, to prove the claim we can replace X with a resolution and replace D,∆, A
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with their pullbacks and replace G with its birational transform, hence assume X is
smooth. First we treat the case when A is ample. Assume that there exist a rational
number 0 < c < 2, and a Q-divisor 0 ≤ L ∼Q cA such that (X,∆ + L) is not klt
near y but it is lc near x with a minimal non-klt centre G′ ( G through x, and either
y ∈ G′ or (X,∆ + L) has a non-klt centre containing y but not x. By Lemma 2.16,
there exist rational numbers 0 < t≪ s < 1 and a Q-divisor 0 ≤ L′ ∼Q tA such that
(X, s∆ + sL + L′) is not klt near y but it is lc near x with a unique non-klt place
whose centre contains x, and the centre of this non-klt place is G′. We then let
∆(1) = s∆+ sL+ L′ + (1− s)M + (2− t− sc)A ∼Q ∆+ 2A
and let G(1) = G′.
W will find c, L, possibly after switching x, y. By [33, 6.8.1 and its proof], there
exist a rational number 0 < e < 1 and a Q-divisor 0 ≤ N ∼Q eA such that (X,∆+N)
is lc near x but has a non-klt centre through x other than G. Since intersection of
non-klt centres near x are union of such centres, the minimal non-klt centre of the
pair at x is a proper subvariety G′ ( G.
If (X,∆ + N) is not lc at y, then we let c = e, L = N noting that in this case
(X,∆+N) has a non-klt centre containing y but not x. If (X,∆+N) is lc at y but
has a non-klt centre at y not containing x, then adding to N appropriately again we
can assume (X,∆ + N) is not lc at y and proceed as before. Thus we can assume
(X,∆+N) is lc at y and that any non-klt centre at y also contains x, hence (X,∆)
is lc at y with G the only non-klt centre of (X,∆) containing y.
Now if y ∈ G′, then again we let c = e, L = N . So assume y /∈ G′. Let G′′ be
the minimal non-klt centre of (X,∆ + N) at y. Then G′′ ⊆ G. If G′′ is a proper
subvariety of G, then we switch x, y and switch G′, G′′ and again let c = e, L = N .
Thus assume G′′ = G which means (X,∆+N) has no other non-klt centre at y. Then
(X,∆+(1+ ǫ)N) is lc at y but not lc at x for a small ǫ > 0. Here we apply [33, 6.8.1
and its proof] to find a rational number 0 < e′ < 1 and a Q-divisor 0 ≤ N ′ ∼Q e
′A
such that (X,∆+N +N ′) is lc at y with a minimal non-klt centre G′′′ ( G at y but
not lc at x. This time we switch x, y and switch G′, G′′′ and let c = e+e′, L = N+N ′.
Finally it remains to treat the case when A is nef and big. Write A ∼Q H + P
independent of x, y where H ≥ 0 is ample and P ≥ 0 and these are Q-divisors. Since
x, y are general, they are not contained in P . Moreover, for any rational number
t ∈ (0, 1), we have
A ∼Q (1− t)A+ tH + tP
where (1− t)A+ tH is ample. Now taking t small enough we have
vol(((1 − t)A+ tH)|G) > d
d,
so we can apply the above arguments to (1 − t)A + tH to construct ∆(1) and G(1)
and then add 2tP to ∆(1).
3. Geometry of non-klt centres
In this section we establish some results around the geometry of non-klt centres
which are crucial for latter sections.
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3.1. Definition of adjunction. First we recall the definition of adjunction which
was introduced in [24]. We follow the presentation in [9]. Assume the following
setting:
• (X,B) is a projective klt pair,
• G ⊂ X is a subvariety with normalisation F ,
• X is Q-factorial near the generic point of G,
• ∆ ≥ 0 is an R-Cartier divisor on X, and
• (X,B + ∆) is lc near the generic point of G, and there is a unique non-klt
place of this pair whose centre is G.
We will define an R-divisor ΘF on F with coefficients in [0, 1] giving an adjunction
formula
KF +ΘF + PF ∼R (KX +B +∆)|F
where in general PF is determined only up to R-linear equivalence. Moreover, we
will see that if the coefficients of B are contained in a fixed DCC set Φ, then the
coefficients of ΘF are also contained in a fixed DCC set Ψ depending only on dimX
and Φ [23, Theorem 4.2].
Let Γ be the sum of (B+∆)<1 and the support of (B+∆)≥1. Put N = B+∆−Γ
which is supported in ⌊Γ⌋. Let φ : W → X be a log resolution of (X,B +∆) and let
ΓW be the sum of the reduced exceptional divisor of φ and the birational transform
of Γ. Let
NW = φ
∗(KX +B +∆)− (KW + ΓW ).
Then φ∗NW = N ≥ 0 and NW is supported in ⌊ΓW ⌋. Now run an MMP/X on
KW +ΓW with scaling of some ample divisor. We reach a model Y on which KY +ΓY
is a limit of movable/X R-divisors. Applying the general negativity lemma (cf. [11,
Lemma 3.3]), we deduce NY ≥ 0. In particular, if U ⊆ X is the largest open subset
where (X,B+∆) is lc, then NY = 0 over U and (Y,ΓY ) is a Q-factorial dlt model of
(X,B +∆) over U . By assumption, (X,B +∆) is lc but not klt at the generic point
of G. By [9, Lemma 2.33], no non-klt centre of the pair contains G apart from G
itself, hence we can assume there is a unique component S of ⌊ΓY ⌋ whose image on
X contains G, and that this image is G. Moreover, G is not inside the image of NY .
Let h : S → F be the morphism induced by S → G. By [9, Lemma 2.33], h is a
contraction. By divisorial adjunction we can write
KS + ΓS +NS = (KY + ΓY +NY )|S ∼R 0/F
where NS = NY |S is vertical over F . If S is exceptional over X, then let ΣY be the
sum of the exceptional/X divisors on Y plus the birational transform of B. Otherwise
let ΣY be the sum of the exceptional/X divisors on Y plus the birational transform of
B plus (1− µGB)S. In any case, S is a component of ⌊ΣY ⌋ and ΣY ≤ ΓY . Applying
adjunction again we get KS +ΣS = (KY +ΣY )|S . Obviously ΣS ≤ ΓS .
Now we define ΘF : for each prime divisor D on F , let t be the lc threshold of h
∗D
with respect to (S,ΣS) over the generic point of D, and then let µDΘF := 1− t. Note
that h∗D is defined only over the generic point of D as D may not be Q-Cartier.
Note that if the coefficients of B are contained in a fixed DCC set Φ including
1, then the coefficients of ΓY are contained in Φ which in turn implies that the
coefficients of ΓS are contained in a fixed DCC set Ψ
′. Applying the ACC for lc
thresholds [23, Theorem 1.1] shows that the coefficients of ΘF are also contained in
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a fixed DCC set Ψ depending only on dimX and Φ. Moreover, it turns out that PF
is pseudo-effective (see [23, Theorem 4.2] and [9, Theorem 3.10]).
3.2. Boundedness of singularities on non-klt centres. The next result is a
generalisation of [9, Proposition 4.6] which puts strong restrictions on singularities
that can appear on non-klt centres under suitable assumptions. We will not need the
proposition in its full generality in this paper but it will likely be useful elsewhere.
Proposition 3.3. Let d, v be natural numbers and ǫ, ǫ′ be positive real numbers with
ǫ′ < ǫ. Then there exists a positive real number t depending only on d, v, ǫ, ǫ′ satisfying
the following. Assume X,C,M,S,∆, G,F,ΘF , PF are as follows:
(1) (X,C) is a projective ǫ-lc pair of dimension d,
(2) KX is Q-Cartier,
(3) M ≥ 0 is a nef Q-divisor on X such that |M | defines a birational map,
(4) S ≥ 0 is an R-Cartier R-divisor on X,
(5) the coefficients of C+S are in {0}∪ [ǫ,∞) and the coefficients of M +C +S
are in [1,∞),
(6) G is a general member of a covering family of subvarieties of X, with nor-
malisation F ,
(7) ∆ ≥ 0 is an R-Cartier R-divisor on X,
(8) there is a unique non-klt place of (X,∆) whose centre is G,
(9) the adjunction formula
KF +ΘF + PF ∼R (KX +∆)|F
is as in 3.1 assuming PF ≥ 0,
(10) vol(M |F ) ≤ v,
(11) KX + C +∆ is nef,
(12) M − (KX + C + S +∆) is big, and
(13) tM −∆− S is big.
Then for any 0 ≤ LF ∼R M |F , the pair
(F,ΘF + PF + C|F + tLF )
is ǫ′-lc.
Proof. Let P be the set of couples and c the number given by [9, Proposition 4.4],
for d, v, ǫ. Let δ > 0 be the number given by [9, Proposition 4.2] for P, ǫ′. Let l ∈ N
be the smallest number such that l−1l >
ǫ′
ǫ ; such l exists because
ǫ′
ǫ < 1. Let t =
δ
2lc .
We will show that this t satisfies the proposition. Note that t depends on δ, l, c which
in turn depend on P, c, ǫ, ǫ′ and these in turn depend on d, v, ǫ, ǫ′.
Step 1. In this step we introduce some basic notation. We will assume dimG > 0
otherwise the statement is vacuous. Note that we are assuming that C,M,S are
independent of G so G being general it is not contained in Supp(M+C+S) (however,
∆ depends on G whose support contains G). On the other hand, by [9, Lemma 2.6],
there is a log resolution φ : W → X of (X,Supp(M +C +S)) such that we can write
MW := φ
∗M = AW +RW
where AW is the movable part of |MW |, |AW | is based point free defining a birational
contraction, and RW ≥ 0 is the fixed part.
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Step 2. In this step we have a closer look at the adjunction formula given in the
statement, and the related divisors. First note that since G is a general member of a
covering family, X is smooth near the generic point of G. As pointed out in 3.1, the
coefficients of ΘF are in a fixed DCC set Ψ depending only on d.
By [23, Theorem 4.2][9, Lemma 3.12] (by taking B = 0), we can write KF +ΛF =
KX |F where (F,ΛF ) is sub-klt and ΛF ≤ ΘF . On the other hand, since G is not
contained in SuppC, the unique non-klt place of (X,∆) whose centre is G is also a
unique non-klt place of (X,C+∆) whose centre is G. Thus applying [9, Lemma 3.12]
once more (this time by taking B = C), we can write KF + C˜F = (KX +C)|F where
(F, C˜F ) is sub-ǫ-lc. Note that
C˜F = ΛF + C|F ≤ ΘF + C|F .
Step 3. Let MF :=M |F , CF := C|F , and SF := S|F . In this step we show
(F,Supp(ΘF +CF + SF +MF ))
is log birationally bounded using [9, Proposition 4.4]. Since G is a general member
of a covering family, we can choose a log resolution F ′ → F of the above pair such
that we have an induced morphism F ′ → W and that |AF ′ | defines a birational
contraction where AF ′ := AW |F ′ . Thus |AF | defines a birational map where AF is
the pushdown of AF ′ . This in turn implies |MF | defines a birational map because
AF ≤MF . Moreover,
KF +CF +ΘF + PF ∼R (KX + C +∆)|F
is nef. In addition,
MF − (KF + CF + SF +ΘF + PF ) ∼R (M − (KX + C + S +∆))|F
is big by the generality of G and by Lemma 2.3. This in turn implies
MF − (KF + CF + SF +ΘF )
is big as well.
On the other hand, by [9, Lemma 3.11],
µD(ΘF + CF + SF +MF ) ≥ 1
for any component D of CF +SF +MF because each non-zero coefficient of C+S+M
is ≥ 1 (note that although the latter divisor may not be a Q-divisor but the lemma
still applies as its proof works for R-divisors as well). Similarly, applying the lemma
again,
µD(ΘF +
1
ǫ
(CF + SF )) ≥ 1
for any component D of CF + SF because each non-zero coefficient of
1
ǫ (C + S) is
≥ 1. In particular, replacing ǫ with the minimum of Ψ>0 ∪ {ǫ}, we can assume that
the non-zero coefficients of ΘF + CF + SF are ≥ ǫ.
Now applying [9, Proposition 4.4] to F,BF := ΘF + CF + SF ,MF , there is a
projective log smooth couple (F ,ΣF ) ∈ P and a birational map F 99K F satisfying:
• ΣF contains the exceptional divisor of F 99K F and the birational transform
of Supp(ΘF + CF + SF +MF ), and
• if f : F ′ → F and g : F ′ → F is a common resolution andMF is the pushdown
of MF |F ′ , then each coefficient of MF is at most c.
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Step 4. In this step we compare log divisors on F and F . First define ΓF :=
(1 − ǫ)ΣF . Let KF ′ + C˜F ′ be the pullback of KF + C˜F and let KF + C˜F be the
pushdown of KF ′ + C˜F ′ to F . We claim that C˜F ≤ ΓF . If C˜F ≤ 0, then the claim
holds trivially. Assume C˜F has a component D with positive coefficient. Then D
is either exceptional/F or is a component of the birational transform of C˜F with
positive coefficient. In the former case, D is a component of ΣF because ΣF contains
the exceptional divisor of F 99K F . In the latter case, D is a component of the
birational transform of ΘF + CF because C˜F ≤ ΘF + CF by Step 2, hence again
D is a component of ΣF as it contains the birational transform of Supp(ΘF + CF ).
Moreover, since (F, C˜F ) is sub-ǫ-lc, the coefficient of D in C˜F is at most 1− ǫ, hence
µDC˜F ≤ µDΓF . We have then proved the claim C˜F ≤ ΓF .
Step 5. In this step we define a divisor IF and compare singularities on F and F .
Let
IF := ΘF + PF − ΛF .
By Step 2, IF ≥ 0. First note
IF = ΘF + PF − ΛF = KF +ΘF + PF −KF − ΛF
∼R (KX +∆)|F −KX |F ∼R ∆|F .
Pick 0 ≤ LF ∼R MF . Recalling C˜F = CF + ΛF from Step 2, we see that
KF + C˜F + IF + tLF = KF + CF + ΛF +ΘF + PF − ΛF + tLF
= KF + CF +ΘF + PF + tLF ∼R (KX + C +∆+ tM)|F
is nef.
Let IF = g∗f
∗IF , SF = g∗f
∗SF , and LF = g∗f
∗LF . Then by the previous para-
graph and by the negativity lemma,
f∗(KF + C˜F + IF + tLF ) ≤ g
∗(KF + C˜F + IF + tLF )
which implies that
(F, C˜F + IF + tLF )
is sub-ǫ′-lc if
(F, C˜F + IF + tLF )
is sub-ǫ′-lc.
Step 6. In this step we finish the proof using [9, Proposition 4.2]. Note
2tMF − (IF + SF + tLF ) ∼R 2tMF −∆|F − S|F − tMF
∼R (tM −∆− S)|F
is big by the generality of G and by Lemma 2.3. Thus there is
0 ≤ JF ∼R 2tMF − (IF + SF + tLF ).
The coefficients of 2ltMF are bounded from above by 2ltc, hence they are bounded
by δ. Thus by our choice of δ and by [9, Proposition 4.2], we deduce that
(F,ΓF + lIF + lSF + lJF + ltLF )
is klt. So
(F ,ΓF + IF + tLF )
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is ǫ′-lc by [8, Lemma 2.3] because
ΓF + IF + tLF =
(
l − 1
l
)
ΓF +
1
l
(ΓF + lIF + ltLF )
and because ( l−1l )ǫ > ǫ
′. This then implies that
(F, C˜F + IF + tLF )
is sub-ǫ′-lc as C˜F ≤ ΓF by Step 4. Therefore, by Step 5,
(F, C˜F + IF + tLF )
is also sub-ǫ′-lc. In other words,
(F,CF +ΘF + PF + tLF )
is ǫ′-lc because
C˜F + IF + tLF = CF +ΘF + PF + tLF
as we saw in Step 5.

It is clear from the proof that if we replace the nef condition of KX +C +∆ with
KX + C + S +∆ being nef, then we can deduce that
(F,CF + SF +ΘF + PF + tLF )
is ǫ′-lc.
3.4. Descent of divisor coefficients along fibrations. The adjunction formula
in the next lemma is adjunction for fibrations, cf. [28][6][9, 3.4].
Lemma 3.5. Let ǫ be a positive real number. Then there is a natural number l
depending only on ǫ satisfying the following. Let (X,B) be a klt pair and f : X → Z
be a contraction. Assume that
• KX +B ∼R 0/Z,
• KX +B ∼R f
∗(KZ +BZ +MZ) is the adjuction formula for fibrations,
• E = f∗L for some R-Cartier R-divisor L on Z,
• Φ ⊂ R is a subset closed under multiplication with elements of N,
• the coefficients of E are in Φ, and
• any component D of L has coefficient ≤ 1− ǫ in BZ.
Then the coefficients of lL are in Φ.
Proof. We can assume L 6= 0. Let D be a component of L and let u be its coefficient in
L. Shrinking Z around the generic of D we can assume that D is the only component
of L. Let t be the lc threshold of f∗D with respect to (X,B) over the generic point of
D. By definition of adjunction for fibrations, the coefficient of D in BZ is 1− t. Since
1− t ≤ 1− ǫ by assumption, t ≥ ǫ. So (X,B+ ǫf∗D) is lc over the generic point of D.
Shrinking Z around the generic point of D again we can assume that (X,B + ǫf∗D)
is lc everywhere and that f∗D is an integral divisor. Thus the coefficients of f∗D
are bounded from above by v := ⌈1ǫ ⌉. Now by assumption, E = f
∗L = uf∗D has
coefficients in Φ. If C is a component of E with coefficient e and if h is its coefficient
in f∗D, then e = uh ∈ Φ where h ≤ v. Therefore, letting l = v! we see that ul ∈ Φ
as ul is a multiple of e and Φ is closed under multiplication with elements of N.

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3.6. Descent of divisor coefficients to non-klt centres. Next we will show that
coefficients of divisors to non-klt centres behave well under suitable conditions, as
in the next proposition. The first half of the proof of the proposition is similar to
that of [9, Proposition 3.15] but the second half is very different. The proposition
is one of the key elements which will allow us to consider birational boundedness of
divisors in a vastly more general setting than that considered in [9] which treated
only anti-canonical divisors of Fano varieties.
Proposition 3.7. Let d be a natural number and ǫ be a positive real number. Then
there is a natural number q depending only on d, ǫ satisfying the following. Let
(X,B),∆, G, F,ΘF , PF be as in 3.1. Assume in addition that
• X is of dimension d,
• PF is big and for any choice of PF ≥ 0 in its R-linear equivalence class the
pair (F,ΘF + PF ) is ǫ-lc,
• Φ ⊂ R is a subset closed under addition,
• E is an R-Cartier R-divisor on X with coefficients in Φ, and
• G 6⊂ SuppE.
Then qE|F has coefficients in Φ.
Proof. Step 1. In this step we show G is an isolated non-klt centre of (X,B + ∆).
We use the notation of 3.1. Remember that (X,B +∆) is lc near the generic point
of G. Also recall that Γ +N = B +∆,
KY + ΓY +NY = π
∗(KX + Γ +N),
and ⌊ΓY ⌋ has a unique component S mapping onto G where π denotes Y → X.
Assume G is not an isolated non-klt centre. Then some non-klt centre H 6= G of
(X,Γ +N) intersects G. Applying [9, Lemma 3.14(2)], we can choose PF ≥ 0 in its
R-linear equivalence class such that the pair (F,ΘF +PF ) is not ǫ-lc, a contradiction.
Therefore, (Y,ΓY +NY ) is plt near S because it is plt over the generic point of G and
any non-klt centre other than S would map to a non-klt centre on X other than G.
In particular, no component of ⌊ΓY ⌋ − S intersects S which implies that any prime
exceptional divisor J 6= S of π is disjoint from S because all the prime exceptional
divisors of π are components of ⌊ΓY ⌋.
Step 2. In this step we show that there is a natural number p depending only
on ǫ such that pES has coefficients in Φ where ES = EY |S and EY = π
∗E. Note
that ES and E|F are well-defined as Q-Weil divisors as SuppE does not contain G.
Moreover, S is not a component of EY and near S, EY is just the birational transform
of E because no exceptional divisor J 6= S of π intersects S, by Step 1. Thus the
coefficients of EY near S belong to Φ.
Let V be a prime divisor on S. If V is horizontal over F , then V is not a component
of ES because ES is vertical over F . Assume V is vertical over F . We claim that if
T 6= S is any prime divisor on Y , then pT is Cartier near the generic point of V , for
some natural number p depending only on ǫ. Let l be the Cartier index of KY + S
near the generic point of V . Then µV (ΓS +NS) ≥ 1−
1
l and the Cartier index of T
near the generic point of V divides l, by [44, Proposition 3.9]. Assume 1l < ǫ. Then
µV (ΓS + NS) > 1 − ǫ, hence (S,ΓS + NS) is not ǫ-lc along V . But then since V is
vertical over F , by [9, Lemma 3.14(1)], we can choose PF ≥ 0 so that (F,ΘF + PF )
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is not ǫ-lc, a contradiction. Therefore, 1l ≥ ǫ, so
1
ǫ ≥ l. Now let p =
⌊
1
ǫ
⌋
!. Then pT
is Cartier near the generic point of V as claimed.
Let E1, . . . , Er be the irreducible components of EY which intersect S and let
e1, . . . , er be their coefficients. Then
µV (pES) = µV (
∑
peiEi|S) =
∑
ei(µV pEi|S).
Since µV pEi|S are non-negative integers, since ei ∈ Φ, and since Φ is closed under
addition, we see that µV (pES) ∈ Φ.
Step 3. In this step we consider adjunction for (S,ΓS + NS) over F . Recall that
S → F is denoted by h which is a contraction. Since (Y,ΓY + NY ) is plt near S,
(S,ΓS +NS) is klt. As KS + ΓS +NS ∼R 0/F , we have the adjunction formula
KS + ΓS +NS ∼R h
∗(KF +ΩF +MF )
where ΩF is the discriminant divisor and MF is the moduli divisor which is pseudo-
effective (cf. [9, 3.4]). Recall from 3.1 that ΘF is defined by taking lc thresholds with
respect to some boundary ΣS ≤ ΓS+NS. Then ΘF ≤ ΩF by definition of adjunction.
We claim that the coefficients of ΩF do not exceed 1− ǫ. Assume not. Pick a small
real number t > 0 such that some coefficient of
ΞF := ΘF + (1− t)(ΩF −ΘF ) = (1− t)ΩF + tΘF
exceeds 1− ǫ. By construction,
KF +ΩF +MF ∼R (KX + Γ +N)|F = (KX +B +∆)|F ∼R KF +ΘF + PF ,
hence
ΩF +MF ∼R ΘF + PF .
Since MF is pseudo-effective and PF is big, we can find
0 ≤ RF ∼R (1− t)MF + tPF .
Then
ΞF +RF ∼R (1− t)ΩF + tΘF + (1− t)MF + tPF
= (1− t)(ΩF +MF ) + t(ΘF + PF ) ∼R ΘF + PF
which in particular means KF + ΞF +RF is R-Cartier.
Now (F,ΞF +RF ) is not ǫ-lc by our choice of ΞF . On the other hand, since
ΞF −ΘF = (1− t)(ΩF −ΘF ) ≥ 0,
choosing
0 ≤ PF := ΞF −ΘF +RF
we see that
(F,ΘF + PF ) = (F,ΞF +RF )
is not ǫ-lc, a contradiction. This proves the claim that the coefficients of ΩF do not
exceed 1− ǫ.
Step 4. In this step we finish the proof. By Step 2, the coefficients of pES are in
Φ. Moreover, by construction,
pES = h
∗(pE|F ).
In addition, since Φ is closed under addition, it is closed under multiplication with
elements of N. Thus applying Lemma 3.5 to (S,ΓS +NS) → F and pES , there is a
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natural number l depending only on ǫ such that the coefficients of lpE|F are in Φ.
Now let q = lp.

In practice examples of Φ include Φ = Z and Φ = {r ∈ R | r ≥ δ} for some δ.
4. Birational boundedness on ǫ-lc varieties
In this section we treat birational boundedness of linear systems of nef and big
divisors on ǫ-lc varieties which serves as the basis for the subsequent sections.
4.1. Main result. The following theorem is a more general form of 1.1 and the main
result of this section.
Theorem 4.2. Let d be a natural number and ǫ, δ be positive real numbers. Then
there exists a natural number m depending only on d, ǫ, δ satisfying the following.
Assume
• X is a projective ǫ-lc variety of dimension d,
• N is a nef and big R-divisor on X,
• N −KX is pseudo-effective, and
• N = E+R where E is integral and pesudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞).
Then |m′N +L| and |KX +m
′N +L| define birational maps for any integral pseudo-
effective divisor L and for any natural number m′ ≥ m.
Special cases of the theorem are when R = 0 which is the statement of 1.1, and
when E = 0 in which case N is effective with coefficients ≥ δ. The theorem does
not hold if we drop the pseudo-effectivity condition of E: indeed, one can easily find
counter-examples by considering ǫ-lc Fano varieties X, Q-divisors 0 ≤ B ∼Q −KX
with coefficients ≥ δ and then letting E = KX and R = B + tB with t arbitrarily
small.
The theorem implies a more general form of 1.2.
Corollary 4.3. Let d be a natural number and ǫ, δ be positive real numbers. Then
there exist natural numbers m, l depending only on d, ǫ, δ satisfying the following.
Assume that
• X is a projective ǫ-lc variety of dimension d,
• N is a nef and big R-divisor on X, and
• N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞).
Then |m′KX + l
′N + L| defines a birational map for any natural numbers m′ ≥ m
and l′ ≥ m′l and any pseudo-effective integral divisor L.
4.4. Birational or volume boundedness. In this and the next subsection we aim
to derive a special case of Theorem 4.2, where we add the condition that KX +N is
also big, from the theorem in lower dimension. Later in the section we will remove
this condition using the BAB [8, Theorem 1.1] in dimension d. We begin with a
birationality statement in which we either bound the birationality index or the volume
of the relevant divisor.
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Proposition 4.5. Let d be a natural number and ǫ, δ be positive real numbers. As-
sume that Theorem 4.2 holds in dimension ≤ d − 1. Then there exists a natural
number v depending only on d, ǫ, δ satisfying the following. Assume
• X is a projective ǫ-lc variety of dimension d,
• N is a nef and big Q-divisor on X,
• N −KX and N +KX are big, and
• N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞).
If m is the smallest natural number such that |mN | defines a birational map, then
either m ≤ v or vol(mN) ≤ v.
Proof. We follow the proof of [9, Proposition 4.8].
Step 1. In this step we setup basic notation and make some reductions. If the
proposition does not hold, then there is a sequence Xi, Ni of varieties and divisors
as in the proposition such that if mi is the smallest natural number so that |miNi|
defines a birational map, then both the numbers mi and the volumes vol(miNi)
form increasing sequences approaching ∞. Let ni ∈ N be a natural number so that
vol(niNi) > (2d)
d. Taking a Q-factorialisation we can assume Xi are Q-factorial.
Assume that mini is always (i.e. for any choice of ni as above) bounded from above.
Then letting ni ∈ N be the smallest number so that vol(niNi) > (2d)
d, either ni = 1
which immediately implies mi is bounded from above, or ni > 1 in which case we
have
vol(miNi) = (
mi
ni − 1
)d vol((ni − 1)Ni) ≤ (
mi
ni − 1
)d(2d)d
so vol(miNi) is bounded from above.
Therefore, it is enough to show that mini is always bounded from above where ni is
arbitrary as in the first paragraph. Assume otherwise. We can then assume that the
numbers mini form an increasing sequence approaching ∞. We will derive a contradic-
tion.
Step 2. In this step we fix i and create a covering family of non-klt centres on
Xi. Replacing ni with ni + 1 we can assume vol((ni − 1)Ni) > (2d)
d. Thus applying
2.15(2), there is a covering family of subvarieties of Xi such that for any two general
closed points xi, yi ∈ Xi we can choose a member Gi of the family and choose a
Q-divisor
0 ≤ ∆˜i ∼Q (ni − 1)Ni
so that (Xi, ∆˜i) is lc near xi with a unique non-klt place whose centre contains xi,
that centre is Gi, and (Xi, ∆˜i) is not klt near yi.
On the other hand, by assumption Ni −KXi is big. Fix some
0 ≤ Qi ∼Q Ni −KXi ,
independent of the choice of xi, yi; we can assume xi, yi are not contained in SuppQi
as xi, yi are general. Then we get
0 ≤ ∆i := ∆˜i +Qi ∼Q niNi −KXi
such that (Xi,∆i) is lc near xi with a unique non-klt place whose centre contains xi,
that centre is Gi, and (Xi,∆i) is not klt near yi.
Since xi, yi are general, we can assume Gi is a general member of the above covering
family of subvarieties. Recall from 2.14 that this means that the family is given
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by finitely many morphisms V j → T j of projective varieties with accompanying
surjective morphisms V j → X and that each Gi is a general fibre of one of the
morphisms V j → T j . Moreover, we can assume the points of T j corresponding to
such Gi are dense in T
j .
Let
di := max
j
{dimV j − dimT j}.
Assume di = 0, that is, dimGi = 0 for all the Gi. Then niNi − KXi is potentially
birational. Let r ∈ N be the smallest number such that rδ ≥ 1. By assumption,
Ni = Ei + Ri with Ei integral and pseudo-effective and Ri ≥ 0 having non-zero
coefficients ≥ δ. Thus the fractional part of (ni + r)Ni −KXi , say R
′
i, is supported
in Ri and the coefficients of rRi are ≥ 1. So
⌊(ni + r)Ni −KXi⌋ = (ni + r)Ni −KXi −R
′
i = niNi −KXi + rEi + rRi −R
′
i
where rRi −R
′
i ≥ 0, hence ⌊(ni + r)Ni −KXi⌋ is potentially birational. Therefore,
| ⌊(ni + r)Ni⌋ | = |KXi + ⌊(ni + r)Ni −KXi⌋ |
defines a birational map by [24, Lemma 2.3.4] which in turn implies |(ni + r)Ni|
defines a birational map; this means mi ≤ ni + r giving a contradiction as we can
assume mi/ni ≫ 0. Thus we can assume di > 0, hence dimGi > 0 for all the Gi
appearing as general fibres of V j → T j for some j.
Step 3. In this step we find a sub-family of the Gi so that vol(miNi|Gi) is bounded
from above, independent of i. For each i let li ∈ N be the smallest number so that
vol(liNi|Gi) > d
d for all the Gi with positive dimension. Assume
li
ni
is bounded from
above by some natural number a. Then for each i and each positive dimensional Gi,
we have
dd < vol(liNi|Gi) ≤ vol(aniNi|Gi).
Thus applying 2.15(3) and replacing ni with 3ani we can modify ∆i, Gi, and possibly
switch xi, yi, so that we decrease the number di. Repeating the process we either get
to the situation in which di = 0 which yields a contradiction as in Step 2, or we can
assume lini is an increasing sequence approaching ∞.
On the other hand, if mili is not bounded from above, then we can assume
mi
li
is
an increasing sequence approaching ∞, hence we can replace ni with li (by adding
appropriately to ∆i) in which case
li
ni
is bounded so we can argue as in the previous
paragraph by decreasing di. So we can assume
mi
li
is bounded from above.
Now for each i, there is j so that if Gi is a general fibre of V
j → T j, then Gi is
positive dimensional and
vol((li − 1)Ni|Gi) ≤ d
d,
by definition of li. In order to get a contradiction in the following steps it suffices to
consider only such Gi. From now on when we mention Gi we assume it is positive
dimensional and that it satisfies the inequality just stated. In particular,
vol(miNi|Gi) =
(
mi
li − 1
)dimGi
vol((li − 1)Ni|Gi) ≤
(
mi
li − 1
)d
dd
is bounded from above, so vol(miNi|Gi) < v for some natural number v independent
of i.
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Step 4. Let Fi be the normalisation of Gi. In this step we fix i and apply adjunction
by restricting to Fi. Since Gi is a general member of a covering family, Xi is smooth
near the generic point of Gi. By 3.1 (taking B = 0 and ∆ = ∆i), we can write
KFi +∆Fi := KFi +ΘFi + PFi ∼R (KXi +∆i)|Fi ∼R niNi|Fi
where ΘFi ≥ 0 with coefficients in some fixed DCC set Ψ independent of i, and PFi is
pseudo-effective. Since xi is a general point, we can pick 0 ≤ N˜i ∼Q Ni not containing
xi. By definition of ΘFi , adding N˜i to ∆i does not change ΘFi but changes PFi to
PFi+N˜i|Fi . Thus replacing ni with ni+1 and changing PFi up to R-linear equivalence
we can assume PFi is effective and big.
On the other hand, by [23, Theorem 4.2] and [9, Lemma 3.12], we can write
KFi + ΛFi = KXi |Fi
where (Fi,ΛFi) is sub-ǫ-lc and ΛFi ≤ ΘFi .
Step 5. In this step we reduce to the situation in which (Fi,∆Fi) is ǫ
′-lc for every i
where ǫ′ = ǫ2 . Pick 0 ≤Mi ∼ miNi, independent of xi, yi. Since Gi is general, we can
assume SuppMi does not contain Gi. Let MFi := Mi|Fi . Let t be the number given
by Proposition 3.3 for the data d, v, ǫ, ǫ′. Let r ∈ N be the smallest number such that
r ≥ 1δ . We can assume that
ni+1+r
mi
< t for every i. Let Ci = 0 and let Si = rRi. We
want to apply 3.3 to
Xi, Ci,Mi, Si,∆i, Gi, Fi,ΘFi , PFi
where PFi can be any effective divisor in its R-linear equivalence class. Conditions
(1)-(4) of 3.3 are obviously satisfied. Condition (5) is satisfied because the non-zero
coefficients of Si are ≥ 1 and similarly the non-zero coefficients of Mi + Si are ≥ 1
as the fractional part of Mi is supported in SuppRi = SuppSi; the latter claim
follows from Mi ∼ miEi + miRi. Conditions (6)-(9) are satisfied by construction,
and condition (10) is ensured by the end of Step 3. Condition (11) follows from
KXi +∆i ∼Q niNi, and (12) follows from bigness of
Mi − (KXi + Si +∆i) ∼Q Mi − (KXi +∆i)− Si
∼Q miNi − niNi − Si = (mi − ni)Ni − rRi = (mi − ni − r)Ni + rEi
as we can assume mi > ni + r. Finally, condition (13) is satisfied because from
ni+1+r
mi
< t, we have
tmi − ni − 1− r > 0,
hence
tMi−∆i−Si ∼R tmiNi−niNi+KXi−Si = (tmi−ni−1−r)Ni+Ni+KXi+rNi−Si
is big as Ni +KXi is big by assumption and rNi − Si = rEi is pseudo-effective.
Now by Proposition 3.3, (Fi,∆Fi + tMFi) is ǫ
′-lc for every i which in particular
means (Fi,∆Fi) is ǫ
′-lc.
Step 6. In this step we finish the proof. Let EFi = Ei|Fi , RFi = Ri|Fi , and
NFi = Ni|Fi which are all well-defined as Q-Weil divisors as we can assume Gi is not
contained in SuppEi + SuppRi. Applying Proposition 3.7, by taking Φ = Z, there
is a natural number q depending only on d, ǫ′ such that qEFi is an integral divisor.
Applying the proposition again, this time taking Φ = R≥δ, and replacing q we can
assume that the non-zero coefficients of qRFi are ≥ δ. Thus qNFi = qEFi+qRFi is the
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sum of a pseudo-effective integral divisor and an effective Q-divisor whose non-zero
coefficients are ≥ δ.
On the other hand, by construction,
qniNFi −KFi = (q − 1)niNFi + niNFi −KFi ∼R (q − 1)niNFi +∆Fi
is big. Thus since we are assuming Theorem 4.2 in dimension ≤ d−1, we deduce that
there is a natural number p depending only on d, ǫ′, δ such that |pqniNFi | defines a
birational map (note that KFi may not be Q-Cartier but we can apply the theorem
to a small Q-factorialisation of Fi). Then vol(pqniNFi) ≥ 1, hence
vol(2dpqniNi|Gi) = vol(2dpqniNFi) ≥ (2d)
d.
But then by Step 3, we have li−1 < 2dpqni which is a contradiction since we assumed
li
ni
is an unbounded sequence.

4.6. Birational boundedness. In this subsection we strengthen 4.5 by showing
that we can actually take m itself to be bounded.
Lemma 4.7. Let d, v be natural numbers, ǫ be a positive real number, and Φ ⊂ [0, 1]
be a finite set of rational numbers. Assume Theorem 4.2 holds in dimension ≤ d− 1.
Assume that
• (X,B) is a projective ǫ-lc pair of dimension d,
• the coefficients of B are in Φ,
• KX +B is ample with vol(KX +B) ≤ v, and
• 2KX +B is big.
Then such (X,SuppB) form a bounded family.
Proof. There is a natural number l > 1 depending only on Φ such thatN := l(KX+B)
is integral. Moreover,
N −KX = (l − 1)(KX +B) +B
and
N +KX = (l − 1)(KX +B) + 2KX +B
are both big. Now applying Proposition 4.5 to a Q-factorialisation of X we deduce
that there is a natural number v′ depending only on d, ǫ such that if m ∈ N is the
smallest number such that |mN | defines a birational map, then either m ≤ v′ or
vol(mN) ≤ v′. If m ≤ v′, then
vol(mN) = vol(ml(KX +B)) ≤ (ml)
dv ≤ (v′l)dv,
hence in any case vol(mN) is bounded from above.
Pick 0 ≤M ∼ mN . Then, by [9, Proposition 4.4], (X,Supp(B+M)) is birationally
bounded. Finally apply [23, Theorem 1.6].

Proposition 4.8. Let d be a natural number and ǫ, δ be positive real numbers. As-
sume that Theorem 4.2 holds in dimension ≤ d − 1. Then there exists a natural
number m depending only on d, ǫ, δ satisfying the following. Assume
• X is a projective ǫ-lc variety of dimension d,
• N is a nef and big Q-divisor on X,
• N −KX and N +KX are big, and
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• N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞).
Then |mN | defines a birational map.
Proof. Step 1. In this step we apply 4.5 and introduce some notation. Taking a small
Q-factorialisation, we will assume X is Q-factorial. Let v ∈ N be the number given
by Proposition 4.5 for the data d, ǫ, δ. Then there is m ∈ N such that |mN | defines a
birational map and either m ≤ v or vol(mN) ≤ v. In the former case we are done by
replacing m with v!, hence we can assume the latter holds and that m is sufficiently
large.
Since N −KX is big, we can find
0 ≤ ∆ ∼Q N −KX .
Pick 0 ≤M ∼ mN .
Step 2. In this step we show that (X,SuppM) is birationally bounded. Let
B = 1δR. Then
M − (KX +B) ∼ mN −KX −
1
δ
R = (m−
1
δ
− 1)N +N −KX +
1
δ
N −
1
δ
R
is big because m− 1δ − 1 ≥ 0, N −KX is big, and
1
δN −
1
δR =
1
δE is pseudo-effective.
On the other hand, since M ∼ mE+mR, the fractional part of M is supported in B,
so for any component D ofM we have µD(B+M) ≥ 1. Therefore, by [9, Proposition
4.4], there exist a bounded set of couples P and a natural number c depending only on
d, v such that we can find a projective log smooth couple (X,Σ) ∈ P and a birational
map X 99K X such that
• SuppΣ contains the exceptional divisors of X 99K X and the birational trans-
form of Supp(B +M);
• if φ : X ′ → X and ψ : X ′ → X is a common resolution andM is the pushdown
of M ′ :=M |X′ , then each coefficient of M is at most c;
• we can choose X ′ so that M ′ ∼ A′ + R′ where A′ is big, |A′| is base point
free, R′ ≥ 0, and A′ ∼ 0/X .
Step 3. In this step we want to show that there is a positive rational number t
depending only on P, c, ǫ such that we can assume (X, tM) is ǫ2 -lc. We do this by
finding t so that (X,∆ + tM) is ǫ2 -lc. For now let t be a positive rational number.
Then
KX +∆+ tM ∼Q N + tM
is nef and big. Let KX + Λ be the crepant pullback of KX to X. Since X has ǫ-lc
singularities, the coefficients of Λ are at most 1 − ǫ, and its support is contained in
Σ. On the other hand, since N +KX is assumed big, we can find
0 ≤ C ∼Q N +KX .
Note that ∆ + C ∼Q 2N . Then
(
2
m
+ t)M ∼Q 2N + tM ∼Q ∆+ C + tM.
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Now if ∆ = ψ∗φ
∗∆ and C = ψ∗φ
∗C, then
ψ∗φ
∗2(∆ + C + tM) = 2(∆ + C + tM) ∼Q (
4
m
+ 2t)M.
By Step 2, SuppM ⊆ Σ and ( 4m + 2t)M has coefficients ≤ (
4
m + 2t)c. Therefore,
applying [9, Proposition 4.2], by taking m sufficiently large and taking a fixed t
sufficiently small, depending only on P, c, ǫ, we can assume that
(X, (1 − ǫ)Σ + 2∆ + 2C + 2tM)
is klt. Then
(X, (1 − ǫ)Σ +∆+ C + tM)
is ǫ2 -lc as (X, (1− ǫ)Σ) is ǫ-lc which in turn implies
(X,Λ +∆+ tM)
is sub- ǫ2-lc because Λ ≤ (1− ǫ)Σ.
Now since KX +∆+ tM is nef and since its crepant pullback to X is just
KX + Λ +∆+ tM,
we deduce that (X,∆ + tM) is ǫ2 -lc because by the negativity lemma
φ∗(KX +∆+ tM) ≤ ψ
∗(KX + Λ+∆+ tM).
Therefore, (X, tM) is ǫ2 -lc.
Step 4. In this step we finish the proof by applying Lemma 4.7. First we show
KX + t ⌊M⌋ and 2KX + t ⌊M⌋ are big. As noted above, the factional part of M , say
P , is supported in R. Thus 1δR − P ≥ 0. Then since m is sufficiently large and t is
fixed, and since KX +N is big, we can ensure that
KX + t ⌊M⌋ ∼Q KX + tM − tP ∼Q KX + tmN − tP
∼Q KX +N + (tm− 1−
t
δ
)N +
t
δ
E +
t
δ
R− tP
is big. Similar reasoning shows that 2KX + t ⌊M⌋ is also big.
Now (X, t ⌊M⌋) has an lc model, say (Y, t ⌊M⌋Y ). By construction, (Y, t ⌊M⌋Y ) is
ǫ
2 -lc, the coefficients of t ⌊M⌋Y are in a fixed finite set depending only on t, and
vol(KY + t ⌊M⌋Y ) = vol(KX + t ⌊M⌋) < vol(N + tM) = vol((
1
m
+ t)M)
is bounded from above as vol(M) ≤ v by Step 1. Also 2KY +t ⌊M⌋Y is big. Therefore,
by Lemma 4.7, such such (Y,Supp ⌊M⌋Y ) form a bounded family. In particular, there
is a very ample divisor AY on Y such that A
d−1
Y · Supp ⌊M⌋Y is bounded from above
(note that the intersection number Ad−1Y ·Q is well-defined for any R-divisor even if Q
is not R-Cartier). Since the coefficients of ⌊M⌋Y are bounded from above, A
d−1
Y ·⌊M⌋Y
is also bounded from above.
Now since
⌊M⌋Y ∼Q mNY − PY ∼Q (m−
1
δ
)NY +
1
δ
EY +
1
δ
RY − PY ,
where 1δEY +
1
δRY −PY is pseudo-effective, we see that A
d−1
Y · (m−
1
δ )NY is bounded
from above. However,
Ad−1Y ·NY = A
d−1
Y · (EY +RY ) ≥ δ.
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Therefore,
Ad−1Y · (m−
1
δ
)NY ≥ (m−
1
δ
)δ
can get arbitrarily large, a contradiction.

4.9. Some remarks. (1) So far in this and the previous sections we have tried to
avoid using results of [24][23][9][8] as much as possible because one of our goals (here
and in the future) is to get new proofs of some of the main results of those papers.
To be more precise, when trying to prove a statement in dimension d we have tried
to minimise relying on results of those papers in dimension d. Although we have
used many of the technical auxiliary results and ideas of the first three papers but we
have not used their main results in dimension d with the exception of [24, Theorem
1.8]: indeed we used [23, Theorem 1.6] in the proof of Lemma 4.7, which is a quick
consequence of [24, Theorem 1.8].
(2) We will argue that if in Propositions 4.5 and 4.8 we assume R 6= 0, then we
can modify their proofs so that we do not need Lemma 4.7 nor Theorem 4.2 in lower
dimension. Indeed we can modify Step 6 of the proof of 4.5 as follows. Since Ri
has non-zero coefficients ≥ δ, adding 1δN to ∆ and using [9, Lemma 3.14(2)] we can
ensure that (Fi,∆Fi) is not ǫ
′-lc, contradicting Step 5.
In 4.8, we can modify Steps 3-4 of the proof as follows. By the previous paragraph,
we can find m such that |mN | defines a birational map and either m or vol(mN) is
bounded from above. Since R 6= 0 and since its coefficients are ≥ δ, there is
0 ≤ L ∼Q
3
δ
N =
1
δ
N +
2
δ
E +
2
δ
R
such that some coefficient of L exceeds 1. On the other hand,
L+∆+ C + tM ∼Q (
3
mδ
+
3
m
+ t)M,
so applying the arguments of Step 3 we can assume (X,L + tM) is ǫ2 -lc. This is a
contradiction because (X,L+ tM) is not lc as some coefficient of L exceeds 1.
(3) Let X be an ǫ-lc Fano variety of dimension d, for ǫ > 0, and let N = −2KX .
Assuming Theorem 4.2 in lower dimension and applying Proposition 4.8, we deduce
that there is a natural number m depending only on d, ǫ such that | −mKX | defines
a birational map. So we get a new proof of [9, Theorem 1.2] which is one of the
main results of that paper. The two proofs have obvious similarities but also quite
different in some sense. The proof in [9] relies heavily on the theory of complements.
Indeed the birational boundedness of |−mKX | and the boundedness of complements
are proved together in an inductive process.
(4) Now assume that X is a projective ǫ-lc variety of dimension d, for ǫ > 0,
with KX ample and let N := 2KX . Assuming Theorem 4.2 in lower dimension and
applying Proposition 4.8, we deduce that there is a natural number m depending
only on d, ǫ such that |mKX | defines a birational map. This is a special case of [23,
Theorem 1.3]. The proof here is not that different because in this special setting
many of the complications of the current proof disappear and the proof simplifies to
that of [23, Theorem 1.3] except that towards the end of the proof where we have m
with |mKX | birational and vol(mKX) bounded and we want to show m is bounded,
we use different arguments.
(5) Now assume X is a projective ǫ-lc variety of dimension d, for ǫ > 0, with
KX ≡ 0, that is, X is Calabi-Yau. Assume N is a nef and big Q-divisor on X such
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that N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞), for some δ > 0. Then assuming Theorem 4.2 in lower dimension and
applying Proposition 4.8, we deduce that there is a natural number m depending
only on d, ǫ, δ such that |mN | defines a birational map. Note that by (2), if R 6= 0,
then we do not need to assume Theorem 4.2 in lower dimension. Also note that we
can replace the ǫ-lc condition with klt but for this we need to use the global ACC
result [23, Theorem 1.5].
4.10. Pseudo-effective threshold of nef and big divisors. The following lemma
proves to be useful in many places in this paper. Its proof in dimension d relies on
the BAB [8, Theorem 1.1] in dimension d.
Lemma 4.11. Let d be a natural number and ǫ, δ be positive real numbers. Then
there is a natural number l depending only on d, ǫ, δ satisfying the following. Assume
• X is a ǫ-lc variety of dimension d,
• X → Z is a contraction,
• N is an R-divisor on X which is nef and big over Z, and
• N = E + R where E is integral and pseudo-effective over Z and R ≥ 0 with
coefficients in {0} ∪ [δ,∞).
Then KX + lN is big over Z.
Proof. Taking a Q-factorialisation we can assume X is Q-factorial. Let t be the
smallest non-negative real number such that KX + tN is pseudo-effective over Z. It
is enough to show t is bounded from above because KX + ⌈(t+ 1)⌉N is big over Z.
In particular, we can assume t > 0.
Consider (X, tN) as a generalised pair over Z with nef part tN . Then the pair is
generalised ǫ-lc. Since tN is big over Z, we can run an MMP/Z on KX + tN which
ends with a minimal model X ′ on which KX′ + tN
′ is nef and semi-ample over Z
[13, Lemma 4.4]; here KX′ + tN
′ is the pushdown of KX + tN . So KX′ + tN
′ defines
a contraction X ′ → V ′/Z which is non-birational otherwise KX + tN would be big
over Z which means we can decrease t keeping KX + tN pseudo-effective over Z,
contradicting the definition of t and the assumption t > 0.
Now since tN ′ is big over V ′ and KX′ + tN
′ ≡ 0/V ′, KX′ is not pseudo-effective
over V ′, hence we can run an MMP/V ′ on KX′ which ends with a Mori fibre space
X ′′ → W ′′/V ′. Since (X, tN) is generalised ǫ-lc, (X ′, tN ′) is generalised ǫ-lc which
in turn implies (X ′′, tN ′′) is generalised ǫ-lc because KX′ + tN
′ ≡ 0/V ′ (note that
the nef parts of both (X ′, tN ′) and (X ′′, tN ′′) are pullbacks of tN to some common
resolution of X,X ′,X ′′). Thus X ′′ is ǫ-lc because for each prime divisor D over X ′′
we have
a(D,X ′′, 0) ≥ a(D,X ′′, B′′ + tN ′′).
Let F ′′ be a general fibre of X ′′ →W ′′. Then F ′′ is an ǫ-lc Fano variety. Restricting
to F ′′ we get
KF ′′ + tNF ′′ = (KX′′ + tN
′′)|F ′′ ≡ 0
whereNF ′′ = N
′′|F ′′ . Moreover, NF ′′ = EF ′′+RF ′′ whereEF ′′ = E
′′|F ′′ , RF ′′ = R
′′|F ′′
and E′′, R′′ are the pushdowns of E,R. Then EF ′′ is integral and the coefficients of
RF ′′ are in {0} ∪ [δ,∞): it is enough to argue that if D
′′ is a prime divisor on X ′′,
then D′′|F ′′ is an integral divisor; indeed, the singular locus of X
′′, say S′′, is of
codimension ≥ 2 and F ′′ being general, S′′ ∩ F ′′ has codimension ≥ 2 in F ′′; then
D′′|F ′′ is Cartier outside S
′′ ∩ F ′′ which shows D′′|F ′′ is integral. On the other hand,
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since E′′ is pseudo-effective over W ′′, EF ′′ is pseudo-effective. Therefore, replacing
X,N,E,R with F ′′, NF ′′ , EF ′′ , RF ′′ and replacing Z with a point, we can assume that
X is an ǫ-lc Fano variety and that KX + tN ≡ 0.
Now by [8, Theorem 1.1], X belongs to a bounded family of varieties. Thus there
is a very ample divisor A on X with −KX · A
d−1 bounded from above. If R 6= 0,
then E · Ad−1 ≥ 0 and R · Ad−1 ≥ δ because Ad−1 can be represented by a curve
inside the smooth locus of X. But if R = 0, then N · Ad−1 = E · Ad−1 ≥ 1. Letting
λ = min{1, δ}, we then have
N ·Ad−1 = (E +R) · Ad−1 ≥ λ.
Thus
t =
−KX ·A
d−1
N · Ad−1
≤ −
1
λ
KX ·A
d−1
is bounded from above. Finally note that λ depends only on δ while −KX · A
d−1
depends only on d, ǫ.

4.12. Proofs of 4.2, 1.1, 4.3, 1.2, 1.4.
Proof. (of Theorem 4.2) We apply induction on dimension so assume the theorem
holds in lower dimension. Taking a small Q-factorialistion we can assume that X
is Q-factorial. Replacing N with 2N we can assume N − KX is big. By Lemma
4.11, there is a natural number l depending only on d, ǫ, δ such that KX + lN is big.
Replacing l we can assume that l ≥ 1δ . There is an R-divisor B ≤
1
2R such that
M := KX + B + 3lN is a Q-divisor and (X,B) is
ǫ
2 . In particular, (X,B + 3lN) is
generalised ǫ2 -lc where the nef part is 3lN .
Now ⌊KX + 2lN⌋ is big because if Q is the fractional part of KX + 2lN , then
⌊KX + 2lN⌋ = KX + 2lN −Q = KX + lN + lE + lR−Q
where lR−Q ≥ 0 as Q is supported in SuppR and lR has non-zero coefficients ≥ 1.
Thus letting
F := ⌊KX + 2lN⌋+ lE and S = B +Q+ lR
we see that M = F + S where F is big and integral and the non-zero coefficients of
S are ≥ 1.
We can run an MMP on M ending with a minimal model X ′ [13, Lemma 4.4].
Then (X ′, B′ + 3lN ′) is generalised ǫ2 -lc which implies that X
′ is ǫ2 -lc. Moreover,
under our assumptions, M ′ is a nef and big Q-divisor, and M ′−KX′ , and M
′+KX′
are big, and M ′ = F ′ + S′ where F ′ is big and integral and the non-zero coefficients
of S′ are ≥ 1. Therefore, applying Proposition 4.8, there is a natural number n
depending only on d, ǫ, δ such that |nM ′| defines a birational map. Then |nM | also
defines a birational map.
Let m = (20dn+2)l. Let L be any pseudo-effective integral divisor. We will show
that |m′N + L| and |KX +m
′N + L| define birational maps for any natural number
m′ ≥ m. Since B ≤ 12R and N is big and E is pseudo-effective,
N −B = E +R−B
is big. Moreover, if P is the fractional part of m′N+L, then P is supported in R and
P < lR. Now since |nM | defines a birational map, 4dnM+L and 4dnM+L−KX are
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potentially birational. Moreover, lN−KX and lN−B are big and 3lN =M−KX−B.
Then ⌊
m′N + L
⌋
= m′N + L− P = (20dn + 1)lN + L− P + (m′ −m+ l)N
= 4dn(M −KX −B) + 8dnlN + lN + L− P + (m
′ −m+ l)N
= 4dnM + L+ 4dn(lN −KX) + 4dn(lN −B) + lE + lR− P + (m
′ −m+ l)N
is potentially birational. Similar reasoning shows that ⌊mN + L−KX⌋ is potentially
birational where we make use of the extra (m′ − m + l)N at the end of the above
formula and the fact that N −KX is big.
Therefore, |KX + ⌊m
′N + L⌋ | and | ⌊m′N + L⌋ | define birational maps by [24,
Lemma 2.3.4]. This in turn implies that |KX + m
′N + L| and |m′N + L| define
birational maps.

Proof. (of Theorem 1.1) This follows from Theorem 4.2.

Proof. (of Corollary 4.3) By Lemma 4.11, there is a natural number n > 1 depending
only on d, ǫ, δ such that KX +nN is big. Let r ∈ N be the smallest number such that
rδ ≥ 1. Let M := KX + (n + 2r)N ,
F := ⌊KX + (n + r)N + rE⌋ ,
and T =M−F . Then F is big because if P is the fractional part ofKX+(n+r)N+rE,
then
F = KX + (n+ r)N + rE − P = KX + nN + 2rE + rR− P
where rR−P ≥ 0 as P is supported in R and the non-zero coefficients of rR are ≥ 1.
Moreover,
T =M − F = KX + (n+ 2r)N − (KX + (n+ r)N + rE − P ) = rR+ P
is supported in R with any non-zero coefficient ≥ 1.
Considering (X, (n+2r)N) as a generalised pair with nef part (n+2r)N , running
an MMP onM ends with a minimal model X ′ [13, Lemma 4.4]. ThenM ′ = F ′+T ′ is
nef and big where F ′ is integral and big and T ′ ≥ 0 with any non-zero coefficient ≥ 1,
M ′−KX′ is big, and X
′ is ǫ-lc. Applying Theorem 4.2, there is a natural number m
depending only on d, ǫ such that |mM ′| defines a birational map. Therefore, |mM |
also defines a birational map.
Now since |mM | defines a birational map, 3dmM is potentially birational. Re-
placing m with 3dm + 1, we can assume mM − KX is potentially birational. Let
l = n + 3r. Let L be an integral pseudo-effective divisor, and pick natural numbers
m′ ≥ m and l′ ≥ lm′. If Q is the fractional part of m′KX + l
′N + L−KX , then we
see that ⌊
m′KX + l
′N + L−KX
⌋
= m′KX + l
′N + L−KX −Q
= m′M + (l′ − lm′ + rm′)N + L−KX −Q
= mM −KX + (m
′ −m)M + (l′ − lm′)N + L+ rm′N −Q
is potentially birational because rm′R−Q ≥ 0 as Q is supported in R. Therefore,
|
⌊
m′KX + l
′N + L
⌋
|
defines a birational map by [23, 2.3.4] which in turn implies that
|m′KX + l
′N + L|
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defines a birational map.

Proof. (of Corollary 1.2) This is a special case of Corollary 4.3.

Proof. (of Corollary 1.4) Since KX + B ≡ 0 and N is big, there is a minimal model
of N . Replacing X with the minimal model we can assume N is nef and big. Taking
a Q-factorialisation we can assume that X is Q-factorial. On the other hand, there is
a positive real number ǫ depending only on d,Φ such that X is ǫ-lc: this follows from
the global ACC result of [23], see for example [9, Lemma 2.48]. Now N−KX ≡ N+B
is big, so we can apply Theorem 1.1.

Note that in the previous proof if B = 0, then N +KX is big so instead of 1.1 we
can apply 4.8 if we assume 4.2 in lower dimension.
5. Birational boundedness on pseudo-effective pairs
In this section we treat birational boundedness of divisors on pairs (X,B) with
pseudo-effective KX +B.
5.1. Main result. The main result of this section is the following more general form
of Theorem 1.3.
Theorem 5.2. Let d be a natural number, δ be a positive real number, and Φ ⊂ [0, 1]
be a DCC set of rational numbers. Then there is a natural number m depending only
on d, δ,Φ satisfying the following. Assume
• (X,B) is a klt projective pair of dimension d,
• the coefficients of B are in Φ,
• N is a nef and big R-divisor,
• N − (KX +B) and KX +B are pseudo-effective, and
• N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞).
Then |m′N +L| and |KX +m
′N +L| define birational maps for any natural number
m′ ≥ m and any integral pseudo-effective divisor L.
5.3. Pseudo-effective log divisors. For a real number b and a natural number l
let b⌊l⌋ :=
⌊lb⌋
l . Similarly for an R-divisor B and a natural number l let B⌊l⌋ :=
⌊lB⌋
l .
The following statement was proved in [23] when KX +B is big (it follows from [23,
Lemma 7.3]). We extend it to the case when KX +B is only pseudo-effective.
Proposition 5.4. Let d be a natural number and Φ ⊂ [0, 1] be a DCC set of rational
numbers. Then there is a natural number l depending only on d,Φ satisfying the
following. Assume
• (X,B) is an lc projective pair of dimension d,
• the coefficients of B are in Φ ∪ ( l−1l , 1], and
• KX +B is pseudo-effective.
Then KX +B⌊l⌋ is pseudo-effective.
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Proof. Step 1. In this step we introduce some notation. Adding 1 to Φ we can
assume 1 ∈ Φ. Assume the proposition does not hold. Then for each l ∈ N there is
a pair (X l, Bl) such that (X l, Bl) is lc projective of dimension d, the coefficients of
Bl are in Φ ∪ ( l−1l , 1], and KXl + B
l is pseudo-effective but such that KXl + B
l
⌊l⌋ is
not pseudo-effective. Replacing (X l, Bl) with a Q-factorial dlt model we can assume
(X l, 0) is Q-factorial klt. Moreover, increasing coefficients of Bl in (
l−1
l , 1) slightly
we can assume that Bl is a Q-divisor; note that this does not change Bl⌊l⌋ because
for any b ∈ ( l−1l , 1), we have b⌊l⌋ =
l−1
l .
Let Ψ be the union of the coefficients of all the Bl. Then Ψ is a DCC set: since Φ
is DCC it is enough to check that Ψ \Φ is DCC; the latter follows from the fact that
if bl ∈ Ψ \ Φ is a coefficient of Bl, then bl ∈ (
l−1
l , 1], so any infinite sequence of such
coefficients approaches 1, hence cannot be a strictly decreasing sequence.
Step 2. In this step we show certain sets of coefficients are DCC. Suppose that for
each l we have a boundary C l such that Bl⌊l⌋ ≤ C
l ≤ Bl. We argue that the set of
coefficients of all the C l put together satisfies DCC. Assume not. Then there is an
infinite subset L ⊂ N of numbers that for each l ∈ L we can pick a coefficient cl of C l
such that the cl form a strictly decreasing sequence, that is, cl′ < cl for any l, l
′ ∈ L
with l < l′. For each l, cl is the coefficient of C l of some component, say Dl. Let
bl be the coefficient of Dl in Bl. Replacing L with an infinite subset we can assume
that the bl with l ∈ L form an increasing sequence approaching a limit b. But then
the numbers cl also approach b as l goes to ∞ because
bl −
1
l
< bl⌊l⌋ ≤ c
l ≤ bl
where the first inequality follows from lbl − 1 <
⌊
lbl
⌋
, a contradiction.
Step 3. In this step we run an MMP and reduce to the case in which we have a
Mori fibre space structure X l → T l for all but finitely many l. For ease of notation
in this step we write ∆l := Bl⌊l⌋. Since KXl + ∆
l is not pseudo-effective and since
(X l,∆l) is Q-factorial dlt, we can run an MMP on KXl + ∆
l, with scaling of some
ample divisor, ending with a Mori fibre space Y l → T l [12]. Denote the pushdowns
of Bl,∆l to Y l by BY l ,∆Y l . By assumption, KY l +BY l is pseudo-effective, hence it
is nef over T l. We claim that (Y l, BY l) is lc for all but finitely many l. Assume not.
Then there is an infinite subset L ⊂ N such that for each l ∈ L, (Y l, BY l) is not lc.
Then for each l ∈ L we have a boundary CY l such that
• ∆Y l ≤ CY l ≤ BY l ,
• (Y l, CY l) is lc,
• some component Dl of CY l contains a non-klt centre of (Y
l, CY l), and
• if cl, bl are the coefficients of Dl in CY l and BY l respectively, then c
l < bl.
By the previous step, the set of the coefficients of all the CY l satisfies DCC. Moreover,
the set of the cl is not finite because otherwise replacing L we can assume cl is fixed
and then from bl− 1l < c
l < bl we deduce that the bl approach cl so the set of the bl is
not DCC, a contradiction. Therefore, replacing L we can assume that the cl form a
strictly increasing sequence. Now cl is the lc threshold of Dl with respect to the pair
(Y l, CY l − c
lDl) as Dl contains a non-klt centre of (Y l, CY l). Moreover, the set of
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the coefficients of all the CY l − c
lDl satisfies DCC. Therefore, we get a contradiction
by the ACC for lc thresholds [23, Theorem 1.1].
For those l such that (Y l, BY l) is lc we replace (X
l, Bl) with (Y l, BY l). Therefore,
we can assume that for all but finitely many l we have a Mori fibre space structure
X l → T l such that KXl +B
l
⌊l⌋ is anti-ample over T
l.
Step 4. In this step we derive a contradiction. For each l as in the previous
paragraph (that is, those for which we have X l → T l) we can find a boundary Θl
such that Bl⌊l⌋ ≤ Θ
l ≤ Bl and KXl + Θ
l ≡ 0/T l. By Step 2, the set Ω of the
coefficients of all such Θl form a DCC set. Let F l be a general fibre of X l → T l and
let ΘF l = Θ
l|F l (if dimT
l = 0, then F l = X l). Then (F l,ΘF l) is lc, KF l +ΘF l ≡ 0,
and the coefficients of ΘF l belong to Ω because if Θ
l =
∑
aliB
l
i where B
l
i are the
irreducible components, then ΘF l =
∑
aliB
l
i|F l where B
l
i|F l are reduced with no
common components for distinct i. By the global ACC [23, Theorem 1.5], the set
of the coefficients of all the ΘF l is finite, hence the set of the horizontal (over T
l)
coefficients of all the Θl is also finite.
Since KXl +B
l
⌊l⌋ is anti-ample over T
l, we can find a horizontal component of Bl
with coefficients bl⌊l⌋, a
l, bl in Bl⌊l⌋,Θ
l, Bl, respectively, such that bl⌊l⌋ < a
l. Since the
al belong to a finite set, the bl also belong to a finite set otherwise they would not
form a DCC set. Thus there is a natural number p such that pbl is integral for all
such bl. But then for every l divisible by p, we have
bl⌊l⌋ =
⌊
lbl
⌋
l
=
lbl
l
= bl,
contradicting bl⌊l⌋ < a
l ≤ bl.

5.5. Proofs of 5.2 and 1.3.
Proof. (of Theorem 5.2) Step 1. In this step we introduce some notation. Let l be
as in Proposition 5.4 for the data d,Φ. Let (X,B), N,E,R be as in Theorem 5.2.
Replacing X with a Q-factorialisation we can assume that X is Q-factorial. Let
X ′ → X be the birational map which extracts exactly the exceptional prime divisors
D over X with log discrepancy
a(D,X,B) <
1
2l
.
Here by exceptional prime divisors over X we mean prime divisors on birational mod-
els of X which are exceptional over X. If there is no such D, then X ′ → X is the
identity morphism. LetKX′+B
′, N ′, E′, R′ be the pullbacks ofKX+B,N,E,R toX
′,
respectively. Note that replacing N with 2N we can assume that N−(KX+B) is big.
Step 2. In this step we study ∆′ := B′⌊l⌋. By construction, KX′ + B
′ is pseudo-
effective and the coefficients ofB′ belong to Φ∪(1− 12l , 1) because the non-exceptional/X
components of B′ have coefficients in Φ and the exceptional/X components D of B′
have coefficients
µDB
′ = 1− a(D,X,B) ∈ (1−
1
2l
, 1)
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as
a(D,X,B) ∈ (0,
1
2l
).
Thus by Proposition 5.4, KX′ +∆
′ is pseudo-effective. Moreover, for exceptional D,
µD∆
′ = 1− 1l by definition of ∆
′, hence µD(B
′ −∆′) > 12l .
On the other hand, by our choice of X ′ → X, for any exceptional prime divisor C
over X ′, we have
a(C,X ′, B′) = a(C,X,B) ≥
1
2l
.
Thus (X ′, 0) is 12l -lc.
Step 3. In this step we introduce some notation. Let r ∈ N be the smallest number
such that rδ ≥ 1. Let
• S′ be the sum of all the exceptional/X prime divisors on X ′,
• J ′ = Supp(S′ +R′),
• F ′ = ⌊6lN ′ − 2S′ + J ′⌋,
• P ′ be the fractional part of 6lN ′ − 2S′ + J ′,
• T ′ = 6lN ′ − F ′,
• G′ = ⌊2rE′⌋,
• Q′ be the fractional part of 2rE′, and
• V ′ = 2rR′ +Q′,
Note that P ′ is supported in J ′ because P ′ is also the fractional part of 6lN ′ and
because any component of 6lN ′ = 6lE′ + 6lR′ with non-integral coefficient is either
a component of R′ or an exceptional component of E′ as E is integral. Moreover, Q′
is exceptional over X because 2rE is integral, hence Q′ is supported in S′.
Step 4. In this step we show that F ′ + G′ is big and that T ′ + V ′ is supported
in J ′ whose non-zero coefficients ≥ 1. Let A′ = N ′ − (KX′ + B
′) which is big as
N − (KX +B) is big by assumption. We then have
N ′ = KX′ +B
′ +A′ = KX′ +∆
′ +A′ +B′ −∆′
where KX′ +∆
′+A′ is big as KX′ +∆
′ is pseudo-effective by Step 2, and B′−∆′ ≥ 0
with coefficients of exceptional components > 12l again by Step 2. Thus 2l(B
′−∆′)−
S′ ≥ 0, hence 2lN ′ − S′ is big.
Now
F ′ +G′ =
⌊
6lN ′ − 2S′ + J ′
⌋
+
⌊
2rE′
⌋
= 6lN ′ − 2S′ + J ′ − P ′ + 2rE′ −Q′
= 6lN ′ − 3S′ + 2rE′ + J ′ − P ′ + S′ −Q′,
is big because 6lN ′ − 3S′ is big by the previous paragraph, 2rE′ is pseudo-effective,
and J ′ − P ′ + S′ − Q′ ≥ 0 as J ′ contains the support of P ′ and as S′ contains the
support of Q′ by Step 3.
On the other hand,
T ′ + V ′ = 6lN ′ − F ′ + 2rR′ +Q′
= 6lN ′ − (6lN ′ − 2S′ + J ′ − P ′) + 2rR′ +Q′
= 2S′ − J ′ + P ′ + 2rR′ +Q′
≥ 2S′ − J ′ + 2rR′
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where the inequality follows from P ′, Q′ ≥ 0. In particular, T ′ + V ′ is supported in
J ′. Moreover, S′− J ′+ rR′ ≥ 0 because the non-zero coefficients of S′+ rR′ are ≥ 1:
this is clear for the exceptional components; and for the non-exceptional components
it follows from rδ ≥ 1 and the assumption that the non-zero coefficients of R are ≥ δ.
Therefore,
T ′ + V ′ ≥ 2S′ − J ′ + 2rR′ ≥ S′ − J ′ + rR′ + S′ + rR′ ≥ S′ + rR′,
so Supp(T ′+V ′) = J ′, and the non-zero coefficients of T ′+V ′ are ≥ 1 by the previous
sentence.
Step 5. In this step we finish the proof by applying 4.2. From the equalities in
Step 4 we see that
F ′ +G′ + T ′ + V ′
= (6lN ′ − 2S′ + J ′ − P ′ + 2rE′ −Q′) + (2S′ − J ′ + P ′ + 2rR′ +Q′)
= 6lN ′ + 2rE′ + 2rR′
= (6l + 2r)N ′.
Also recall from Step 2 that X ′ is 12l -lc. Moreover, (6l + 2r)N
′ −KX′ is big because
N ′ − KX′ = B
′ + A′ is big by the first paragraph of Step 4. Therefore, applying
Theorem 4.2 to
X ′, (6l + 2r)N ′ = (6l + 2r)(F ′ +G′) + (6l + 2r)(T ′ + V ′),
we deduce that there is a natural number n depending only on d, 12l such that the
linear system |n(6l + 2r)N ′| defines a briational map. In particular, 3dn(6l + 2r)N ′
is potentially birational which in turn implies that 3dn(6l+2r)N is potentially bira-
tional. We will show that m := 3dn(6l + 2r) + r + 2 satisfies the proposition.
Let L be any pseudo-effective integral divisor onX. Pick a natural numberm′ ≥ m.
Let I be the fractional part of m′N . Then⌊
m′N + L
⌋
= m′N − I + L
= 3dn(6l + 2r)N + rE + (m′ −m+ 2)N + L+ rR− I
is potentially birational because rE+(m′−m+2)N +L is big and rR− I ≥ 0 as I is
supported in R, rδ ≥ 1, and the non-zero coefficients of R are ≥ δ. Similar reasoning
shows that ⌊m′N + L−KX⌋ is potentially birational where we make use of the fact
that N −KX is big. Therefore, by [24, Lemma 2.3.4],
|
⌊
m′N + L
⌋
| and |KX +
⌊
m′N + L
⌋
|
define briational maps which in turn imply that
|m′N + L| and |KX +m
′N + L|
define briational maps. Finally note thatm depends only on d,Φ, δ because n depends
only on d, 12l and because l, r depend only on d,Φ, δ.

Proof. (of Theorem 1.3) This follows from Theorem 5.2.

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6. Boundedness of polarised pairs
In this section we treat boundedness of polarised pairs, namely we prove 1.5, 1.6,
1.7, and 1.8. Bounding certain lc thresholds plays a key role in the proofs of all these
results. This bounding is achieved through a combination of birational boundedness
of linear systems, birational boundedness of pairs, and boundedness of lc thresholds
on bounded families.
6.1. Polarised nef ǫ-lc pairs. We begin with proving a more general version of
Theorem 1.5.
Theorem 6.2. Let d be a natural number and v, ǫ, δ be positive real numbers. Con-
sider pairs (X,B) and divisors N on X such that
• (X,B) is projective ǫ-lc of dimension d,
• the coefficients of B are in {0} ∪ [δ,∞),
• KX +B is nef,
• N is a nef and big R-divisor,
• N = E+R where E is integral and pseudo-effective and R ≥ 0 with coefficients
in {0} ∪ [δ,∞), and
• vol(KX +B +N) ≤ v.
Then the set of such (X,SuppB) forms a bounded family. If in addition N ≥ 0, then
the set of such (X,Supp(B +N)) forms a bounded family.
Proof. Step 1. In this step we will define a divisorM and study some of its properties.
From here to the end of Step 4 we assume that KX + B + N is ample. Applying
Corollary 4.3 on a small Q-factorialisation of X, there exist natural numbers m, l ≥ 1δ
depending only on d, ǫ, δ such that the linear system
|mKX + lmN +mE|
defines a birational map. Pick an element L of this linear system and then define
M := mB +mR+ L which is effective. Then
M ∼ mB +mR+mKX + lmN +mE = m(KX +B +N) + lmN
is ample, and |M | defines a birational map as M ≥ L. Moreover, for any component
D of M , we have µD(B +M) ≥ µDM ≥ 1: if D is not a component of the fractional
part of M , then obviously µDM ≥ 1; if D is a component of the fractional part of
M , then D is a component of B +R and we have
µDM ≥ µD(mB +mR) ≥ 1
as mδ ≥ 1 and as the non-zero coefficients of B +R are ≥ δ. In addition,
vol(M) = vol(m(KX +B +N) + lmN)
≤ vol(m(KX +B +N) + lm(KX +B) + lmN)
= vol((l + 1)m(KX +B +N)) ≤ ((l + 1)m)
dv.
Also it is clear from the definition of M that M − (KX +B) is big.
Step 2. In this step we show that (X,Supp(B + M)) is birationally bounded.
By Lemma 2.4, there is a Q-Cartier Q-divisor A such that SuppA = SuppM and
M −A has arbitrarily small coefficients. In particular, A ≥ 0 as M ≥ 0, and we can
assume that A is ample as M is ample with vol(A) ≤ ((l + 1)m)dv + 1. Moreover,
we can assume that 2A ≥M which in particular means that |2A| defines a birational
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map and the coefficients of 2A are ≥ 1 by Step 1. In addition, 2A − (KX + B) is
big as M − (KX + B) is big. Also note that for any component D of 2A we have
µD(B + 2A) ≥ µD(B +M) ≥ 1.
Now applying [9, Proposition 4.4] to (X,B), 2A, we deduce that there exist a
bounded set of couples P and a natural number c depending only on d, v, l,m, δ such
that we can find a projective log smooth couple (X,Σ) ∈ P and a birational map
X 99K X such that
• SuppΣ contains the exceptional divisors of X 99K X and the birational trans-
form of Supp(B + 2A) = Supp(B +M);
• if φ : X ′ → X and ψ : X ′ → X is a common resolution, then each coefficient
of A := ψ∗φ
∗A is at most c.
Step 3. Next we show that the lc threshold t of M with respect to (X,B) is
bounded from below away from zero. Let KX + B = ψ∗φ
∗(KX + B). By definition
of t, (X,B + tM) is not klt, hence (X,B + 2tA) is also not klt as 2A ≥ M . Then,
since KX +B + 2tA is ample, by the negativity lemma
φ∗(KX +B + 2tA) ≤ ψ
∗(KX +B + 2tA),
which implies that (X,B + 2tA) is not sub-klt. Thus (X, (1 − ǫ)Σ + 2tA) is not
sub-klt as B ≤ (1 − ǫ)Σ because (X,B) is ǫ-lc. Then by [9, Proposition 4.2], t is
bounded from below away from zero depending only on ǫ,P, c. Then t depends only
on d, v, l,m, ǫ, δ, so we can assume it depends only on d, v, ǫ, δ. Also note that t ≤ 1
because as noted above each component D of M satisfies µDM ≥ 1.
Step 4. In this step we show that (X,Supp(B +M)) is bounded. By the previous
step, (X,B + t2M) is
ǫ
2 -lc as (X,B) is ǫ-lc. Moreover, KX + B +
t
2M is ample and
the non-zero coefficients of B + t2M are ≥ min{δ,
t
2}. And by Step 2, (X,Supp(B +
M)) is birationally bounded. Therefore, applying [23, Theorem 1.6], we deduce that
(X,Supp(B +M)) is bounded.
Now assume N ≥ 0. By adding a multiple of N to M in Step 1, say by replacing l
with l+ 1, we can assume M ≥ N . Thus boundedness of (X,Supp(B +M)) implies
boundedness of (X,Supp(B +N)).
Step 5 Now we treat the general case in which KX + B + N is only nef and big.
Since (X,B) is klt, KX + B is nef, and N is nef and big, we see that KX + B +N
is nef and big and semi-ample by the base point freeness theorem, hence it defines
a contraction X → Y . Then KX + B ≡ 0/Y and N ≡ 0/Y as both KX + B,N
are nef, hence by again applying the base point freeness theorem to KX + B over
Y we have KX + B ∼R 0/Y and N ∼R 0/Y which in turn implies M ∼R 0/Y .
By the above steps, (Y,SuppBY +MY ) is bounded where BY ,MY are pushdowns
of B,M . Therefore, applying [7, Theorem 1.3] to (Y,BY +
t
2MY ) we deduce that
(X,SuppB+M) is bounded. In particular, (X,SuppB+N) is bounded if N ≥ 0 as
we can assume M ≥ N as in Step 4.

It is worth pointing out that we used [7, Theorem 1.3] in the proof but only when
KX +B +N is not ample.
Proof. (of Theorem 1.5) This is a special case of Theorem 6.2.
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
Proof. (of Corollary 1.6) Since (X,B) is klt and KX + B ≡ 0, by [9, Lemma 2.48],
there is a positive real number ǫ depending only on d,Φ such that (X,B) has ǫ-lc
singularities (note that the lemma requires (X, 0) to be klt but we can achieve this
on a small Q-factorialisation of X). Moreover, vol(KX +B+N) = vol(N) ≤ v. Now
apply Theorem 1.5.

6.3. Lc thresholds on slc Calabi-Yau pairs. Next we prove a more general ver-
sion of Theorem 1.7.
Theorem 6.4. Let d be a natural number, v, δ be positive real numbers, and Φ ⊂ [0, 1]
be a DCC set of real numbers. Then there is a positive real number t depending only
on d, v, δ,Φ satisfying the following. Assume that
• (X,B) is a projective slc Calabi-Yau pair of dimension d,
• the coefficients of B are in Φ,
• N ≥ 0 is a nef R-divisor on X with coefficients ≥ δ,
• (X,B + uN) is slc for some real number u > 0,
• for each irreducible component S of X, N |S is big and vol(N |S) ≤ v.
Then (X,B + tN) is slc.
Proof. Step 1. In this step we reduce the theorem to the case when X is normal
and irreducible. Let Xν → X be the normalisation of X and let KXν + B
ν and Nν
be the pullbacks of KX + B and N . Since KX + B ∼R 0, we get KXν + B
ν ∼R 0.
Recall from 2.8 that Bν is the sum of the birational transform of B and the reduced
conductor divisor of Xν → X. So the coefficients of Bν belong to Φ∪{1}. Replacing
Φ with Φ ∪ {1} we can assume these coefficients are in Φ. On the other hand, since
(X,B+uN) is slc for some u > 0, SuppN does not contain any singular codimension
one point of X. Thus if U is the normal locus of X, then N is the closure of N |U .
Similarly if Uν is the inverse image of U , then Nν is the closure of Nν |Uν , hence N
ν
is the birational transform of N , so the coefficients of Nν are ≥ δ.
By definition of slc pairs, for any real number t ≥ 0, (X,B + tN) is slc iff
(Xν , Bν + tNν) is lc on each irreducible component of Xν . By assumption, Nν
is nef and big on each irreducible component of Xν with volume at most v. There-
fore, replacing (X,B), N with the restriction of (Xν , Bν), Nν to an arbitrary irre-
ducible component of Xν we can assume X is normal and irreducible. In particular,
(X,B + uN) is an lc pair for some u > 0.
Step 2. In this step we reduce the theorem to the case when X has ǫ-lc singularities
for some fixed ǫ > 0 depending only on d,Φ. Let (X ′, B′) be a Q-factorial dlt
model of (X,B) and let N ′ be the pullback of N . By definition of dlt models, each
exceptional/X prime divisor on X ′ appears in B′ with coefficient 1. By assumption,
(X,B + uN) is lc for some u > 0, hence (X ′, B′ + uN ′) is lc, so SuppN ′ cannot
contain any exceptional divisor which means N ′ is just the birational transform of N
so its coefficients are ≥ δ. Replacing (X,B), N with (X ′, B′), N ′ we can assume that
(X, 0) is Q-factorial klt.
On the other hand, since KX + B ∼R 0 and since the coefficients of B are in the
DCC set Φ, there is a positive real number ǫ depending only on d,Φ such that if D
is a prime divisor over X with log discrepancy a(D,X,B) < ǫ, then a(D,X,B) = 0
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[9, Lemma 2.48]. In particular, if D is a prime divisor over X with a(D,X, 0) < ǫ,
then a(D,X,B) = 0.
AssumeX ′′ → X extracts exactly all the prime divisorsD overX with a(D,X, 0) <
ǫ. If there is no such D, then X ′′ → X is the identity morphism. Let KX′′ + B
′′
be the pullback of KX + B. Then each exceptional prime divisor of X
′′ → X has
coefficient 1 in B′′ by the previous paragraph. In particular, the coefficients of B′′
are in Φ, and SuppN does not contain the image of such divisors on X. Thus if N ′′
is the pullback of N , then N ′′ is just the birational transform of N , so its coefficients
are ≥ δ. In addition, by construction, (X ′′, 0) has ǫ-lc singularities because for any
prime divisor C on birational models of X ′′ and exceptional over X ′′, we have
a(C,X ′′, 0) ≥ a(C,X, 0) ≥ ǫ
by our choice of X ′′. Replacing (X,B), N with (X ′′, B′′), N ′′ we can then assume
that (X, 0) has ǫ-lc singularities.
Step 4. In this step we show that (X,SuppB + N) is birationally bounded. We
want to apply [9, Proposition 4.4] but since this is stated only for nef Q-divisors,
we need to apply it indirectly as follows. Since X is ǫ-lc and N is nef and big with
coefficients ≥ δ, by Theorem 4.3, there exist natural numbers m, l depending only
on d, ǫ, δ such that |mKX + lN | defines a birational map. Pick an element L of this
linear system. Replacing l we can assume that L ≥ N + SuppN . Let M := m∆+ L
where 0 ≤ ∆ ≤ N is a small R-divisor so that M is a Q-divisor and (X,∆) is ǫ2 -lc.
Considering (X,∆ + lmN) as a generalised pair with nef part
l
mN , running an
MMP on KX +∆+
l
mN ∼Q
1
mM ends with a minimal model, say Y . Thus MY is a
nef and big Q-divisor. Moreover, MY − (KY +BY ) ≡MY is big. In addition,
vol(MY ) = vol(M) = vol(−mB +m∆+ lN) ≤ vol((m+ l)N) ≤ (m+ l)
dv.
On the other hand, for any component D of MY , µD(BY +MY ) ≥ µDMY ≥ 1: if D
is a not a component of the fractional part of MY , this is obvious; otherwise D is a
component of NY in which case the assertion follows from MY ≥ LY ≥ SuppNY .
Therefore, applying [9, Proposition 4.4] to (Y,BY ),MY , there is a positive real
number c and a bounded set of couples P depending only on d, v,m, l,Φ such that
there is a projective log smooth couple (X,Σ) ∈ P and a birational map X 99K Y
such that
• SuppΣ contains the exceptional divisor of X 99K Y and the birational trans-
form of Supp(BY +MY );
• if ρ : X ′ → Y and ψ : X ′ → X is a common resolution and M = ψ∗ρ
∗MY ,
then each coefficient of M is at most c.
Now Σ contains the exceptional divisors of the induced map X 99K X and the
birational transform of Supp(B + N) because any component of the latter is either
exceptional over Y or is the birational transform of some component of BY +MY .
Moreover, replacing X ′ we can assume φ : X ′ → X is also a resolution. But then
since N is nef,
N = ψ∗φ
∗N ≤ ψ∗ρ
∗NY ≤ ψ∗ρ
∗MY =M,
hence N is supported in Σ with coefficients ≤ c.
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Step 5. In this step we finish the proof. Let KX′ +B
′ = φ∗(KX +B), N
′ = φ∗N ,
and KX + B = ψ∗φ
∗(KX + B). Then (X
′, B′) is sub-lc and (X,B) is also sub-
lc as SuppB ⊂ Σ. Since SuppN does not contain any non-klt centre of (X,B),
SuppN ′ does not contain any non-klt centre of (X ′, B′), hence no component of N ′
has coefficient 1 in B′. Thus no component of N has coefficient 1 in B.
On the other hand, by Step 2, no component of B has coefficient in (1 − ǫ, 1)
otherwise we would find a prime divisor D over X with 0 < a(D,X,B) < ǫ which is
not possible by our choice of ǫ. Thus every component of N has coefficient ≤ 1− ǫ in
B. Also by the previous step the coefficients of N are at most c. Therefore, letting
t = ǫc we see that the coefficients of B + tN do not exceed 1 because for any prime
divisor D either µDB = 1 and µDtN = 0, or µDB ≤ 1− ǫ and µDtN ≤ ǫ. Moreover,
since SuppΣ contains SuppB ∪ SuppN ,
(X,SuppB ∪ SuppN))
is log smooth. Therefore, (X,B + tN) is sub-lc.
Now since KX +B + tN is nef, by the negativity lemma, we have
φ∗(KX +B + tN) ≤ ψ
∗(KX +B + tN),
hence we deduce that (X,B + tN) is lc. Note that we can assume that t depends
only on d, v, δ,Φ because ǫ depends only on d,Φ, and m, l depend only on d, ǫ, δ, and
c depends only on d, v,m, l,Φ.

Proof. (of Theorem 1.7) This is a special case of Theorem 6.4.

6.5. Polarised slc Calabi-Yau pairs.
Proof. (of Corollary 1.8) If Xi are the irreducible components of X, then vol(N) =∑
vol(N |Xi), hence vol(N |Xi) ≤ v for each i. Thus by Theorem 1.7, there is a
rational number t > 0 depending only on d, v,Φ such that (X,B + tN) is slc. Since
the coefficients of B are in the DCC set Φ and since N ≥ 0 is integral, the coefficients
of B + tN belong to a DCC set depending only on Φ, t. Moreover, KX + B + tN is
ample with
vol(KX +B + tN) = vol(tN) = t
dv.
Therefore, we can apply [22, Theorem 1.1] to deduce that (X,Supp(B+ tN)) belongs
to a bounded family.

7. Moduli of polarised Calabi-Yau and Fano pairs
In this section we prove the main results on existence of moduli spaces, that is,
Theorems 1.10 and 1.12. Recall that k is our fixed algebraically closed ground field.
In this section given a morphism X → S of schemes and a point s ∈ S we denote the
fibre over s by Xs.
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7.1. Moduli of embedded marked locally stable pairs. We begin with recalling
some definitions and results regarding stable pairs from Kolla´r [30][30]. Throughout
this subsection we fix natural numbers d, n, a positive rational number v, and a vector
α = (a1, . . . , am) with positive rational coordinates (we allow the possibility m = 0
in which case α is empty).
(1) A (d, α)-marked locally stable pair over a field K of characteristic zero is a
projective geometrically connected slc pair (X,∆) over K with dimX = d and a
decomposition ∆ =
∑
aiDi where Di ≥ 0 are integral divisors. The Di are not
assumed to be Q-Cartier and they are not necessarily distinct. Two such marked
pairs (X,∆) and (X ′,∆′) are isomorphic if there is an isomorphism X → X ′ mapping
Di onto D
′
i hence mapping ∆ onto ∆
′ preserving the decomposition.
In general, ∆ can possibly be written as
∑
aiDi in several ways, so the underlying
slc pair can be marked in several ways giving distinct marked pairs. For example,
let X = P2 and let L,C be a line and a smooth conic, respectively, intersecting
transversally, and let ∆ = 12L +
1
2C. Letting α = (
1
4 ,
1
4), we can mark ∆ by taking
D1 = 2L,D2 = 2C, or taking D1 = 2C,D2 = 2L, or taking D1 = D2 = L+ C. Thus
there are at least three mutually non-isomorphic (2, α)-marked pairs with the same
underlying pair (X,∆).
A (d, α, v)-marked stable pair over K is a (d, α)-marked locally stable pair (X,∆)
over K such that KX +∆ is ample with vol(KX +∆) = (KX +∆)
d = v.
When we are not concerned with the data d, α, v and the marking we refer to
(X,∆) just as a stable pair (similarly for the locally stable case).
(2) Let f : X → S be a flat morphism of schemes with S2 fibres of pure dimension.
A closed subscheme D ⊂ X is a relative Mumford divisor over S if there is an open
subset U ⊂ X such that
• codimension of Xs \ Us in Xs is ≥ 2 for every s ∈ S,
• D|U is a relative Cartier divisor,
• D is the closure of D|U , and
• X → S is smooth at the generic points of Xs ∩D for every s ∈ S.
By D|U being relative Cartier we mean that D|U is a Cartier divisor on U and that
its support does not contain any irreducible component of any fibre Us.
Given a morphism T → S of schemes, pulling back D|U to T ×S U and taking its
closure gives a relative Mumford divisor DT on T ×S X over T which we refer to as
the divisorial pullback of D. In particular, for each s ∈ S, we define Ds = D|Xs to
be the closure of D|Us which is the divisorial pullback of D to Xs.
Now assume f : X → S is a flat projective morphism of schemes with S2 fibres of
pure dimension. We can define a functor MDiv(X/S) on the category of reduced
schemes over S by setting
MDiv(X/S)(T ) = {relative Mumford divisors on T ×S X over T}
for any morphism T → S from a reduced scheme and by using divisorial pullback to
define
MDiv(X/S)(T )→MDiv(X/S)(T ′)
for a morphism T ′ → T of reduced schemes over S. Since over reduced bases relative
Mumford divisors are the same as K-flat divisors [30, Definition 2 and point 6], this
functor is represented by a reduced separated scheme MDiv(X/S) over S [30, Theo-
rem 4]. In particular, since this moduli space is a fine moduli space (as the functor
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is represented), there is a universal family over MDiv(X/S) of relative Mumford di-
visors. Moreover, given a relatively very ample divisor A on X, restricting the above
functor to relative Mumford divisors of degree v with respect to A, where v is a fixed
number, the corresponding moduli space MDivv(X/S) is of finite type over S.
(3) Next we recall the definition of marked locally stable families. Let S be a
reduced scheme over k. A (d, α)-marked locally stable family f : (X,∆)→ S is given
by a morphism f : X → S of schemes and closed subschemes Di ⊂ X for i = 1, . . . ,m
where
• f is flat and projective with reduced geometrically connected S2 fibres of pure
dimension d whose codimension one singularities are nodal,
• Di are relative Mumford divisors over S,
• ∆ =
∑
aiDi,
• KX/S +∆ is Q-Cartier, and
• for each s ∈ S, (Xs,∆s) is an slc pair over the residue field k(s) where
∆s =
∑
aiDi,s.
In particular, the log fibres (Xs,∆s) are (d, α)-marked locally stable pairs. Note that
in the above setting the dualising sheaf ωX/S exists and commutes with base change
[31, 2.69]. Moreover, since codimension one singularities of the fibres of f are nodal,
there is an open subset V ⊆ X such that codimension of Xs \ Vs in Xs is ≥ 2 and
such that ωX/S is locally free on V ; thus ωX/S corresponds to a canonical divisor
class KX/S ; therefore, given the assumptions it makes sense to say that KX/S + ∆
is Q-Cartier. For more on dualising sheaves and canonical classes see [31, 2.69, 2.70,
2.70.7, 3.66].
(4) Let S be a reduced scheme over k. A (d, α, v)-marked stable family f : (X,∆)→
S is a (d, α)-marked locally stable family such that
• for each s ∈ S, KXs +∆s is ample with vol(KXs +∆s) = v.
So the log fibres (Xs,∆s) are (d, α, v)-marked stable pairs.
(5) We now define embedded versions of the above notions. Given a reduced scheme
S over k, a strongly embedded (d, α,Pn)-marked locally stable family
f : (X ⊂ PnS ,∆)→ S
is a (d, α)-marked locally stable family f : (X,∆)→ S together with a closed embed-
ding g : X → PnS such that
• f = πg where π denotes the projection PnS → S, and
• letting L = g∗OPn
S
(1), we have Rqf∗L ≃ R
qπ∗OPn
S
(1) for each q.
In particular, f∗L ≃ π∗OPn
S
(1) and Rqf∗L = 0 for q > 0.
If in addition,
• for each s ∈ S, KXs +∆s is ample with vol(KXs +∆s) = v,
then we say the family is a strongly embedded (d, α, v,Pn)-marked stable family.
(6) Consider the moduli functor EsMLSPd,α,Pn of strongly embedded (d, α,P
n)-
marked locally stable pairs from the category of reduced k-schemes to the category
of sets by setting
EsMLSPd,α,Pn(S) = {strongly embedded (d, α,P
n)-locally stable families over S}.
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For a morphism T → S of reduced schemes, the map
EsMLSPd,α,Pn(S)→ E
sMLSPd,α,Pn(T )
is given via base change: given a family
(X ⊂ PnS,∆ =
∑
aiDi)→ S,
we pull back each Di to XT := X ×S T as in (2) which then determines ∆T with an
α-marking, hence a strongly embedded (d, α,Pn)-marked locally stable family
(XT ⊂ P
n
T ,∆T )→ T.
Theorem 7.2 ([31][30]). The moduli functor EsMLSPd,α,Pn is represented by a re-
duced separated scheme EsMLSPd,α,Pn over k.
If we restrict the functor EsMLSPd,α,Pn to families
(X ⊂ PnS,∆ =
∑
aiDi)→ S,
in which over each point s ∈ S the log fibres (Xs ⊂ P
n
s ,∆s) have bounded degree
with respect to OPns (1), that is, degree of both Xs and ∆s are bounded by some
fixed number, then the corresponding moduli space (which is an open subscheme of
EsMLSPd,α,Pn) is of finite type over k. In our situation below, the degrees will be
bounded.
The theorem is proved in [31, Theorem 4.74] by restricting the functor to semi-
normal schemes S. The reason for this restriction is existence of universal families of
Mumford divisors (as discussed in (2)) which at the time was known only for semi-
normal bases, see [31, 4.63]. However, this is now known for reduced base schemes by
[30, Theorem 4], so 7.2 can be proved in the same way as [31, Theorem 4.74] without
taking semi-normalisation in any step.
We recall a rough sketch of the proof for convenience. First we consider “varieties”
X marked with m integral divisors D1, . . . ,Dm ≥ 0 where X is a projective, reduced,
connected, S2 scheme over k of pure dimension d strongly embedded into P
n and no
irreducible component of any Di is contained in the singular locus of X which means
Di are Mumford divisors. Families of such marked varieties can be defined using
Mumford divisors. Such X are parametrised by a reduced scheme V derived from
the Hilbert scheme of Pn, admitting a universal family V → V. To get a universal
family for marked varieties, we use the universal family of Mumford divisors for
V → V as in (2), say MDiv(V/V ) → MDiv(V/V ). Since there are m marked
divisors, we need to take
MV = MDiv(V/V )×V · · · ×V MDiv(V/V )→ V
and the induced universal family MV → MV, where the fibred product is taken m
times, and MV has m marked divisors D1, . . . ,Dm. Next, applying [31, 4.46], there
is a locally closed partial decomposition EsMLSPd,α,Pn → MV such that pulling back
the universal family to EsMLSPd,α,Pn we get a universal family for strongly embedded
(d, α,Pn)-marked locally stable pairs, hence we get a fine moduli space for the functor
EsMLSPd,α,Pn . It is in this last step where the coordinates of α and the slc condition
come into the construction.
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7.3. Calabi-Yau pairs in families. In this subsection we aim to identify Calabi-
Yau pairs that appear in a locally stable family.
Lemma 7.4. Assume that
• X is a normal variety and B ≥ 0 is an effective Q-divisor,
• X → S is a contraction onto a variety over k,
• Π ⊂ S is a dense set of closed points, and
• for general s ∈ Π, (Xs, Bs) is an lc Calabi-Yau pair.
Then there exists a non-empty open set U ⊂ S such that (X,B) is lc Calabi-Yau over
U , that is, KX/S +B ∼Q 0 over U .
Proof. Shrinking S we will assume S is smooth. By general s ∈ Π we mean points
in Π belonging to some appropriate open subset of S which we shrink if necessary.
In particular, for such s, (Xs, Bs) is well-defined as we can assume that B = cD for
some relative Mumford divisor D over S. Shrinking S we can assume that (Xs, Bs)
is an lc Calabi-Yau pair for every s ∈ Π.
Let φ : X ′ → X be a log resolution and let B′ be the sum of the birational transform
of B and the prime exceptional divisors of φ which are horizontal over S. Let s ∈ Π
and let X ′s,Xs be the fibres of X
′ → S and X → S over s. By Lemma 2.5, shrinking
S we can assume that X ′s is smooth and Xs is normal, that SuppB
′ does not contain
any irreducible component of any fibre so B′s := B
′|X′s is well-defined, and that B
′
s is
the sum of the birational transform of Bs and the reduced exceptional divisor of the
induced morphism ψ : X ′s → Xs. Moreover, we can assume (X
′
s, B
′
s) is lc.
By assumption, for s ∈ Π, (Xs, Bs) is an lc Calabi-Yau pair, so
KX′s +B
′
s = ψ
∗(KXs +Bs) + Es ∼Q Es
for some effective and exceptional/Xs divisor Es ≥ 0.
Let A′ be any ample/S divisor on X ′ and let X ′η be the generic fibre of X
′ → S.
Pick s ∈ Π. Let r be a natural number so that r(KX′ +B
′) is integral. Then by the
upper-semi-continuity of cohomology, for any natural numbers m, l we have
h0(mr(KX′s +B
′
s) + lA
′|X′s) ≥ h
0(mr(KX′η +B
′
η) + lA
′|X′η )
where B′η = B
′|X′η . Since KX′s +B
′
s ∼Q Es where Es is exceptional over Xs, fixing l
but varying m the left hand side of the inequality is a bounded function of m. This in
turn implies the right hand side is a bounded function of m. Therefore, the numerical
Kodaira dimension κσ(KX′η +B
′
η) = 0 or −∞.
Assume κσ(KX′η+B
′
η) = −∞. This means that h
0(mr(KX′η+B
′
η)+ lA
′|X′η) = 0 for
any fixed l and for any m≫ 0. In turn this is equivalent to saying that KX′η +B
′
η is
not pseudo-effective (we can see this by passing to the algebraic closure of k(η)). Thus
KX′ + B
′ is not pseudo-effective over S, hence we can run an MMP/S on KX′ + B
′
ending with a Mori fibre space which implies that κσ(KX′t + B
′
t) = −∞ for general
t ∈ Π, contradicting our assumption on Π.
So we can assume κσ(KX′η + B
′
η) = 0. This means that KX′η + B
′
η is pseudo-
effective and that for any fixed l, h0(mr(KX′η +B
′
η) + lA
′|X′η) is a bounded function
of m but it does not uniformly vanish for m ≫ 0. Passing to the algebraic closure
of k(η) and applying [19], we deduce that h0(mr(KX′η + B
′
η)) 6= 0 for some m. So
KX′ +B
′ ∼Q D
′/S for some Q-divisor D′ ≥ 0.
Shrinking S we can assume SuppD′ does not contain any fibre of X ′ → S. Now
for each s ∈ Π we get KX′s + B
′
s ∼Q D
′
s ≥ 0. But since KX′s + B
′
s ∼Q Es and since
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Es is exceptional over Xs, we have D
′
s = Es. Therefore, D
′ is exceptional over X as
Π is dense in S, hence KX +B ∼Q 0/S. Since S is smooth, KX/S +B ∼Q 0/S.

Lemma 7.5. Assume that (X,B)→ S is a locally stable family where S is a reduced
k-scheme of finite type. Let S′ be the set of (not necessarily closed) points s ∈ S such
that (Xs, Bs) is an slc Calabi-Yau pair. Then S
′ is a locally closed subset of S (with
reduced structure) and the induced family (X ′, B′)→ S′ obtained by base change is a
family of Calabi-Yau pairs, that is, KX′/S′ +B
′ ∼Q 0/S
′.
Proof. Recall that we defined locally stable families only in the projective setting, so
X → S is assumed projective. Since the family is locally stable, S′ is the set of points
s such that KXs +Bs ∼Q 0. Replacing S
′ with its closure in S, we can assume that
S′ is dense in S. Let p be a natural number such that p(KX/S +B) is Cartier: such p
exists as X is of finite type. Assume that for each s ∈ S, KXs +Bs ∼Q 0 if and only
if p(KXs + Bs) ∼ 0. Then the lemma follows from [47, Lemma 1.19]. On the other
hand, to find such a p, it is enough to show that for each irreducible component T of
S there is an open subset U ⊂ T such that KX/S +B ∼Q 0 over U because then we
can replace S with S \U and apply Noetherian induction. Thus replacing S with an
irreducible component, we can assume that S is irreducible. We can shrink S to any
non-empty open subset if necessary.
Let s ∈ S′. Then there is an open subset R of the closure of s such that R ⊂ S′.
Since S′ is dense in S, we deduce that there is a subset Π ⊂ S′ of closed points which
is dense in S.
Shrinking S we will assume S is smooth. Then (X,B) is slc [38, Corollary 9].
Let Xν be the normalisation of X and let KXν + B
ν be the pullback of KX + B.
Pick s ∈ Π and let (Xs, Bs) and (X
ν
s , B
ν
s ) be the log fibres of (X,B) and (X
ν , Bν)
over s. Then KXνs + B
ν
s ∼Q 0 because KXs + Bs ∼Q 0 by assumption, so (X
ν
s , B
ν
s )
is an lc Calabi-Yau pair on each irreducible component of Xνs . Taking the Stein
factorisation of Xν → S and applying Lemma 7.4 to the irreducible components of
Xν and shrinking S we can assume that KXν + B
ν ∼Q 0/S. Now by the gluing
theory of [32] or by [25], KX + B is semi-ample over S, hence KX + B ∼Q 0/S as
KXν +B
ν ∼Q 0/S. Since S is smooth, KX/S +B ∼Q 0/S.

7.6. Moduli of embedded polarised Calabi-Yau pairs. We now turn our at-
tention to polarised slc Calabi-Yau pairs. Before giving the proof of Theorem 1.10
we treat the moduli space of a related functor, an embedded version of PCYd,c,v that
was defined in the introduction.
Lemma 7.7. d be a natural number and c, v be positive rational numbers. Then
there exist a positive rational number t and a natural number r such that rc, rt ∈ N
satisfying the following. Assume (X,B), N is a (d, c, v)-polarised slc Calabi-Yau pair
over a field K of characteristic zero. Then
• (X,B + tN) is slc,
• B + tN uniquely determines B,N , and
• r(KX +B + tN) is very ample with
hj(mr(KX +B + tN)) = 0
for m, j > 0.
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Proof. Assume (X,B), N is a (d, c, v)-polarised slc Calabi-Yau pair over K. By defi-
nition of such pairs, B = cD for some integral divisor D ≥ 0, so the coefficients of B
belong to a fixed finite set Φ depending only on c. Moreover, N is an ample effective
integral divisor with vol(N) = v.
Assume that there exists t depending only on d, c, v such that (X,B + tN) is slc.
Then the coefficients of N are bounded from above, say by q. If we decrease t so
that is a sufficiently small depending only on Φ, q, then the coefficients of B + tN
uniquely determine the coefficients of B: indeed this follows by ensuring that for
distinct b, b′ ∈ Φ the intervals [b, b+ tr] and [b′, b′ + tr] do not intersect.
To find t, r satisfying the first and the third assertions of the lemma, it is enough
to assume K = C by the Lefschetz principle noting that being slc ascends under field
extensions in characteristic zero and properties such as Cartier, very ample, vanishing
of cohomology, all ascend and descend under field extensions (such extensions are
faithfully flat). In the case K = C, we apply Theorem 1.7 and Corollary 1.8.

Let d, c, v, t, r be as in the lemma. Let n be a natural number. To simplify no-
tation, let Ξ = (d, c, v, t, r,Pn). Let S be a reduced scheme over k. A strongly em-
bedded Ξ-polarised Calabi-Yau family over S is a (d, c, v)-polarised Calabi-Yau family
f : (X,B), N → S (as in 1.9) together with a closed embedding g : X → PnS such that
• (X,B + tN)→ S is a stable family,
• f = πg where π denotes the projection PnS → S,
• letting L := g∗OPn
S
(1), we have Rqf∗L ≃ R
qπ∗OPn
S
(1) for all q, and
• for every s ∈ S, we have
Ls ≃ OXs(r(KXs +Bs + tNs)).
We denote the family by
f : (X ⊂ PnS, B), N → S.
Define the functor EsPCYΞ on the category of reduced k-schemes by setting
EsPCYΞ(S) = {strongly embedded Ξ-polarised slc Calabi-Yau families over S}.
Proposition 7.8. The functor EsPCYΞ is represented by a reduced separated k-
scheme EsPCYΞ of finite type.
Proof. We will follow standard arguments in moduli theory of varieties. Most of the
technicalities needed are covered by [31].
Step 1. Put α := (c, t). Recall the functor EsMLSPd,α,Pn and its fine moduli space
M := EsMLSPd,α,Pn from Theorem 7.2. There is a strongly embedded (d, α,P
n)-
marked locally stable universal family
(X ⊂ PnM ,∆ := cD + tN)→M.
The moduli space M is very large, we only need parts of it related to the functor
EsPCYΞ. More precisely, we want to identify the points of M which parametrise
strongly embedded Ξ-polarised slc Calabi-Yau pairs.
Step 2. Suppose we are given a strongly embedded Ξ-polarised Calabi-Yau family
f : (X ′ ⊂ PnS, B
′), N ′ → S.
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The divisor ∆′ := B′ + tN ′ has a natural α-marking as B′ = cD′ for some relative
Mumford divisor D′ over S, hence the family
(X ′ ⊂ PnS ,∆
′)→ S
is a strongly embedded (d, α,Pn)-marked locally stable family. Thus there is a unique
morphism S → M so that the latter family is the pullback of the universal family
over M . Moreover, by assumption, for every s ∈ S, we have
OX′s(1) ≃ OX′s(r(KX′s +∆
′
s)).
Again by assumption,
vol(r(KX′s +∆
′
s)) = vol(rtN
′
s) = r
dtdv.
In particular, the degrees of X ′s and ∆
′
s with respect to OX′s(1) are bounded from
above. Therefore, there is an open subscheme M (0) ⊂ M of finite type over k,
independent of S, such that S →M factors through M (0).
Denote the pullback of the above universal family over M to a family over M (0),
by
(X(0) ⊂ PnM(0),∆
(0) = cD(0) + tN (0))→M (0).
To simply notation we will denote the log fibre of this family over a point s by
(Xs ⊂ P
n
s ,∆s = cDs + tNt)
that is, we drop the superscript (0). We do similarly below.
Step 3. We apply the following process to distinguish the Ξ-polarised slc Calabi-
Yau pairs among the fibres of the above universal family.
(i). First, the points s of M (0) such that KXs+∆s is ample, is an open subset, say
M (1). Pull back the family over M (0) to a family over M (1) using similar notation
with (0) replaced by (1).
(ii). The volume vol(KXs + ∆s) is locally constant on M
(1). This can be seen
as follows. Since M (1) is of finite type, there is a natural number q such that
q(KX(1)/M (1) + ∆
(1)) is Cartier. Then the polynomial X (mq(KXs + ∆s)) is locally
constant on M (1). Now by the asymptotic Riemann-Roch formula, vol(KXs + ∆s)
is determined by the leading coefficient of the mentioned polynomial. Therefore,
vol(KXs + ∆s) is locally constant on M
(1). Then the set M (2) of points s ∈ M (1)
for which we have vol(KXs +∆s) = t
dv, is an open and closed subset. The induced
family
(X(2) ⊂ PnM(2),∆
(2) = cD(2) + tN (2))→M (2)
is a family of strongly embedded (d, α, tdv,Pn)-marked stable pairs.
(iii). By [31, Theorem 4.7], there is a locally closed partial decomposition M (3) →
M (2) satisfying the following: given a morphism S → M (2) from a reduced scheme,
remove tN (2) in the family in (ii) and then pull back
(X(2) ⊂ PnM(2), cD
(2))→M (2)
to a family over S, say
(XS ⊂ P
n
S, cDS)→ S;
then (XS , cDS) → S is a locally stable family iff S → M
(2) factors through M (3) →
M (2).
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Pull back the family in (ii) to a family over M (3) to get
(X(3) ⊂ PnM(3),∆
(3) = cD(3) + tN (3))→M (3).
Then
(X(3) ⊂ PnM(3), cD
(3))→M (3)
is locally stable. In particular, KX(3)/M (3) + cD
(3) is Q-Cartier, hence N (3) is also
Q-Cartier.
(vi). By Lemma 7.5, the set of points s ∈M (3), say M (4), over which we have
KXs + cDs ∼Q 0
is locally closed. Pull back the family over M (3) to get the family
(X(4) ⊂ PnM(4),∆
(4) = cD(4) + tN (4))→M (4).
Then by the lemma,
KX(4)/M (4) + cD
(4) ∼Q 0/M
(4).
Thus
(X(4), cD(4)), N (4) →M (4)
is a (d, c, v)-polarised Calabi-Yau family.
(v). By Lemma 7.7, r(KXs +∆s) is Cartier for every s ∈M
(4). Then
r(KX(4)/M (4) +∆
(4))
is Cartier by [31, 4.36 and 2.92]. Consider the set of points s ∈M (4), say M (5), over
which we have
OXs(1) ≃ OXs(r(KXs +∆s))
where OXs(1) is the pullback of OPn
M(4)
(1) to Xs. Then M
(5) is a locally closed sub-
set of M (4), by [47, Lemma 1.19]. Pull back the family over M (4) to a family over
M (5), using similar notation replacing (4) with (5). The resulting family is a strongly
embedded Ξ-polarised Calabi-Yau family.
Step 3. We claim that M (5) is the moduli space EsPCYΞ. It is enough to show
that for any strongly embedded Ξ-polarised Calabi-Yau family
f : (X ′ ⊂ PnS, B
′), N ′ → S,
there is a unique morphism S → M (5) so that the family f is the pullback of the
family
(X(5) ⊂ PnM(5), cD
(5)), N (5) →M (5).
As noted in Step 2, there is a unique morphism S → M . It is enough to show that
S →M factors through M (5).
By Step 2, S → M factors through M (0). Looking at the definitions of M (i) for
i = 1, . . . , 5 we can see that for each i, S →M factors through M (i).

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7.9. Moduli of polarised Calabi-Yau pairs.
Proof. (of Theorem 1.10) Step 1. Let t, r be the numbers given by Lemma 7.7 for
d, c, v. Let f : (X,B), N → S be a (d, c, v)-polarised Calabi-Yau family where S is a
reduced k-scheme. Put ∆ = B + tN . By the lemma, for each s ∈ S, (Xs,∆s) is slc,
r(KXs +∆s) is very ample, and
hq(r(KXs +∆s)) = 0
for q > 0. Thus (X,∆) → S is a stable family. Moreover, there are finitely many
possibilities for the number
n := X (r(KXs +∆s)) = h
0(r(KXs +∆s))
depending only on d, c, v, t, r: as in the proof of 7.7, this finiteness can be reduced
to the case s = SpecC in which case we can apply 1.8. By [31, 4.36 and 2.92],
r(KX/S +∆) is Cartier. Thus n is locally constant on S.
Now fix n and let PCYd,c,v,n be the restriction of the functor PCYd,c,v to families
f in which n = h0(r(KXs +∆s)) for every s. Put Ξ = (d, c, v, t, r,P
n).
Step 2. Let f : (X,B), N → S be a family for the functor PCYd,c,v,n. By base
change of cohomology,
Rqf∗OX(r(KX/S +∆)) = 0
and for each s ∈ S, the natural map
Rqf∗OX(r(KX/S +∆))⊗ k(s)→ H
q(r(KXs +∆s))
is an isomorphism, for each q. In particular,
f∗f∗OX(r(KX/S +∆))→ OX(r(KX/S +∆))
is surjective, so we get a closed embedding
g : X → P(f∗OX(r(KX/S +∆)))
over S. Therefore, for each point s ∈ S we can shrink S around s so that we get a
closed embedding into PnS in which case f : (X ⊂ P
n
S, B), N → S is a strongly embed-
ded Ξ-polarised Calabi-Yau family. However, the closed embedding is not unique: it
is determined up to an automorphism of PnS over S.
Step 3. Now recall the functor EsPCYΞ and its fine moduli space E
sPCYΞ which
is reduced, separated and of finite type over k, by Proposition 7.8. There is a natu-
ral action of PGLn+1(k) on E
sPCYΞ. This action is proper because automorphism
groups of stable pairs are finite. The quotient
PCYd,c,v,n := E
sPCYΞ/PGLn+1(k)
is then an algebraic space [29][34] which is a coarse moduli space for the functor
PCYd,c,v,n. Note that by Steps 1 and 2, given any family f : (X,B), N → S for the
functor PCYd,c,v,n, there is an open covering S = ∪Si and morphisms Si → E
sPCYΞ
such that the induced morphisms Si → PCYd,c,v,n are uniquely determined and
they agree on overlaps, hence they determine a unique morphism S → PCYd,c,v,n;
moreover, the map
PCYd,c,v,n(Spec k)→ PCYd,c,v,n(k)
is bijective in view of Lemma 7.7 (as B + tN uniquely determines B,N).
54 Caucher Birkar
The moduli space PCYd,c,v,n is proper because every family for PCYd,c,v,n over a
smooth curve can be extended to a family over the compactification of the curve, after
a finite base change, by [37, Lemma 7]. The moduli space is projective by [35][17][39].
Finally, the moduli space PCYd,c,v for the functor PCYd,c,v is the disjoint union of
PCYd,c,v,n for the finitely many possible n.

7.10. Moduli of polarised Fano pairs.
Proof. (of Theorem 1.12) The proof can be carried out similar to that of Theorem
1.10 with some slight modifications which we outline.
First, let l be the common denominator of c, a and let c′ = 1l . Any (d, c, a, v)-
polarised Fano family (X,B + aN), N → S is a (d, c′, v)-polarised Calabi-Yau family
because by definition B = cD for some relative Mumford divisor D ≥ 0, so B+aN =
c′(lcD + laN). Apply Lemma 7.7 to find t, r for d, c′, v.
Let Π = (d, c, a, v, t, r,Pn) and define a functor EsPFΠ similar to E
sPCYΞ in
7.6 which takes (d, c, a, v)-polarised Fano families (X,B + aN), N → S such that
(X,B + (a+ t)N → S is stable, etc. Next show that there is a moduli space EsPFΠ
for EsPFΠ as in 7.8 by modifying some of the arguments as follows: in Steps 1, use
α = (c, a + t); in Step 3, (iii) and (iv), we use cD + aN instead of cD so that
KX(4)/M (4) + cD
(4) + aN (4) ∼Q 0/M
(4).
Step 4 can be written similarly.
Next as in the proof of 1.10, we define a functor PFd,c,a,v,n and construct a moduli
space PFd,c,a,v,n for it by taking the quotient of E
sPFΠ by PGLn+1, and then let
PFd,c,a,v be the union of the finitely many PFd,c,a,v,n.

8. Further remarks
We present some examples and remarks related to the some of the results in this
paper.
Example 8.1. This example shows that we cannot drop the condition N−KX being
pseudo-effective in Theorem 1.1 in general. Assume X is a smooth projective curve
and N is one point on X. Let m be the smallest natural number such that |mN |
defines a birational map. In general m is not bounded. Assume not, that is, assume
m is bounded from above. Then vol(mN) = m is bounded, hence X is birationally
bounded [24, Lemma 2.4.2(2)] which implies that X is bounded, a contradiction as
X is an arbitrary smooth projective curve.
Example 8.2. This example shows that the condition X having ǫ-lc singularities
in Theorem 1.1 cannot be replaced with just assuming X having klt singularities.
Let X be the weighted projective surface P(p, q, r) where p, q, r are coprime natural
numbers. Then X is a toric Fano surface with klt singularities. Let N = −KX . Then
vol(N) =
(p+ q + r)2
pqr
can get arbitrarily small meaning that there is no positive lower bound on vol(N) [23,
Example 2.1.1]. Thus if m is a natural number such that |mN | defines a birational
map, then there is no upper bound on m because vol(N) ≥ 1
m2
.
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Example 8.3. This example shows that we cannot drop the nefness of N in Theorem
1.1. Let X be as in Example 8.2 and N = −KX . Take a resolution φ : W → X and
write KW + E = φ
∗KX . Write E = E
′ − E′′ where E′, E′′ are effective with no
common component. Let NW = ⌈φ
∗N + E′′⌉. Then NW = φ
∗N + E′′ +G for some
G ≥ 0. By construction W is smooth, NW is integral and big, and
NW −KW = φ
∗N + E′′ +G−KW
= φ∗N +E′′ +G− φ∗KX + E = 2φ
∗N +G+ E′
is big. If |mNW | defines a birational map, then |mN | also defines a birational map.
But it was noted in 8.2 that m depends on X and in general not bounded.
Remark 8.4. If in addition to the assumptions of Corollary 1.2 we assume that the
Cartier index of N is bounded by some fixed number p, then the corollary essentially
follows from the results of [13]. Indeed in this case we can find a bounded natural
number l such that KX+ lN is big, so we can apply [13, Theorem 1.3] to deduce that
|m(KX + lN)| defines a birational map for some bounded natural number m. In this
case we do not need the ǫ-lc condition on X.
Example 8.5. It is tempting to try to generalise Theorem 1.1 to the case when N
is only nef but not necessarily big. More precisely, assume X is a projective variety
with ǫ-lc singularity with ǫ > 0, of dimension d, and N is a nef integral divisor with
N −KX big. Then one may ask whether there is m depending only on ǫ, d such that
|mN | defines the Iitaka fibration associated to N . Such an m does not exist as the
following example in dimension two shows. Assume Y is the projective cone over an
elliptic curve T defined over C, and X is obtained by blowing up the vertex. Then X
is smooth and Y has an lc (non-klt) singularity at the vertex but smooth elsewhere.
Then taking a > 0 small, −(KX + (1 + a)T ) is positive on both extremal rays of X,
so it is ample. Thus −KX is big.
Pick a natural number n and pick a torsion Cartier divisor G on T such that
nG ∼ 0 but n′G 6∼ 0 for any natural number n′ < n (we find such a G by viewing
T as C/Λ for some lattice Λ). Let N be the pullback of G via X → T . Then |n′N |
is empty for every natural number n′ < n although N −KX is big. Since n can be
arbitrarily large, there is no bounded m independent of the choice of N such that
|mN | defines the Iitaka fibration of N .
If we restrict ourselves to Fano type varieties, then at least conjecturally we expect
much better behaviour with respect to the above problem.
Conjecture 8.6. Let d be a natural number and ǫ be a positive real number. Then
there is a natural number m depending only on d, ǫ satisfying the following. Assume
that
• X is an ǫ-lc projective variety of dimension d,
• X → Z is a contraction,
• X is of Fano type over Z, and
• N is an integral divisor which is nef over Z.
Let f : X → V/Z be the contraction defined by N . Then there exists an integral
divisor L on V such that
• mN ∼ f∗mL, and
• |mL|G| defines a birational map where G is the generic fibre of V → Z.
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The latter basically says that mN defines a birational map over Z. Note that since
X is of Fano type over Z and N is nef over Z, N is semi-ample over Z so indeed it
defines a contraction. The global case, i.e. when Z is a point, is a generalisation of
Theorem 1.1 for nef but not necessarily big divisors.
The conjecture is stronger than it may look at first sight. For example, consider
the case when X is a Q-factorial ǫ-lc projective variety of dimension d and X → Z
is a Mori fibre space where Z is a curve. Assuming N is the reduction of a fibre of
X → Z (that is, a fibre with induced reduced structure), the conjecture implies that
mN ∼ 0/Z for some m depending only on d, ǫ. It is not hard to see that this implies
Shokurov’s conjecture on boundedness of singularities in fibrations [10, Conjecture
1.2]. Conversely, Shokurov’s conjecture combined with Theorem 1.1 implies the above
conjecture. If N is big over Z, then we can apply Theorem 1.1. Assume N is not
big over Z. Running an MMP on KX over V and replacing X with the resulting
model we can assume we have a Mori fibre space h : X → T/Z such that N ∼Q 0/T .
The fibres of X → T over closed points are ǫ-lc Fano varieties, so they belong to a
bounded family [8, Theorem 1.1]. Thus lN is Cartier near the generic fibre of X → T
for some bounded l ∈ N, so lN ∼ 0 over the generic point of T . Applying Shokurov
conjecture to (X,B) → T for some general 0 ≤ B ∼Q −KX/T and then applying
Lemma 3.5 and replacing l we can assume lN ∼ h∗D for some integral divisor D.
Replacing X,N with T,D we can apply induction on dimension.
Remark 8.7. One may wonder if in Theorem 1.1 and Conjecture 8.6 (say when Z
is a point) we can choose m so that |mN | is base point free. But this is not the case.
For example, there exist a log smooth lc pair (X,S) of dimension two and a nef and
big divisor N such that KX + S ∼ 0 and S is the stable base locus of N [41, §2.3.A]
(X can be obtained by blowing up P2 in 12 suitable points on an elliptic curve; S is
then the birational transform of the elliptic curve; N is also constructed using the 12
points). In particular, N −KX ∼ N + S is big but |mN | is not base point free for
any m.
On the other hand, there are 3-folds X with terminal singularities and N := KX
ample but with arbitrarily large Cartier index, so |mN | cannot be free for bounded
m.
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